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Abstract- We apply integral transformation techniques to study thermoelastic response of a hollow cylinder in general, in which sources are
generated according to the linear function of the temperature, with boundary conditions of the radiation type. Numerical calculations are
carried out for a particular case of a hollow cylinder made of Aluminum metal and result are depicted graphically.
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Introduction

Nowacki has determined steady state thermal stresses in a thick
circular plate subjected to an axisymmetric temperature distribu-
tion on the upper face with zero temperature on the lower face
and circular edge. Wankhede has determined the quasi - state
thermal stresses in circular plate subjected to arbitrary initial tem-
perature on the upper face with lower face at zero temperature.
However, there are not many investigation on transient state. S.K.
Roy Choudhary has succeeded in determining the quasi - static
thermal stresses in a circular plate subjected to transient tempera-
ture along the circumference of circular upper face with lower face
at zero temperature and the fixed circular edge thermally insulat-
ed. In the recent work, some problems have been solved by Noda
and Deshmukh. In all aforementioned investigations an axisym-
metrically heated plate has been considered. Recently, Nasser
proposed the concept of heat sources in generalized thermoelas-
ticity and applied to the thick plate problem.. Khobragade et al.
studied an inverse unsteady state problem of finite length hollow
cylinder. They have not considered any thermoelastic problems
with boundary conditions of radiation type, in which sources are
generated according to the linear functions of radiation type, in
which sources are generated according to the linear function of

the temperature, which satisfies the time dependent heat conduc-
tion equation. From the previous literature regarding finite length
hollow cylinder as considered it was observed by the author that
no analytical procedure has been established considering internal
heat source generation within the body.

This paper is concerned with the transient thermoelastic problem
of a hollow cylinder in which sources are generated according to
the linear function of temperature, occupying the space

asr<b  —h<z<h i radiation type boundary conditions.

Statement of the Problem

Consider a hollow cylinder of length 2h in which

sources are generated according to linear function of temperature.
The material is isotropic, homogeneous and all properties are
assumed to be constant. Heat conduction with internal source and
prescribed boundary conditions of the radiation type are consid-

o(r,z,t

ered. The equation for heat conductions is ) , the temper-

ature in cylindrical coordinate is

2
10(,00Y,8%0], 1o ., p_ L0
ror\_ or 022 k a ot
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A
a=—

is the source function and pc , A

yo,

O(r,z,t,0
where ( )

being the thermal conductivity of the material, is the density

and c is the calorific capacity, assumed to be constant.
For convenience, we consider the under given functions as the
superposition of the simpler function.

O(r,z,t,0) =Nr,z,t) + y(t) O(r,z,t) 2

and

t
T(r,z,t) = O(r, z,1) exp [— [ 2 d(;]
0

t
2 z,t)=Qr,z,1) ex{— [ 2O d{}

0
Consider
_Or—n)dz=z0) o
2z = 20 expCan o) —h<z<h
®>0 4)

Substituting equations (2) and (3) in the heat conduction equation
(1), one obtain

16[6_T)+82 + (rzt)——a—T
ror\_ or 022 d a ot
(5)

where k is the thermal diffusivity of the material of the cylinder
(which is assumed to be constant). Subject to the initial and
boundary condition

Mt(T’1’0>O):F(r>Z) a<r<b 0<r<b

for all , (6)

M, (T, 1, ki, a) = flz,1) a<r<b >0

for all : (7)

M. (T, 1, ky,b)=g(z,1) 0<r<b >0

forall "=~ , (8)
M, (T, 1, k3, h) =exp (ax) S(r — 1)

M (T, 1, kg, —h)=exp(—ax) 5(r —ry)

a<r<b

for all
t>0 (9)

The most general expression for these conditions can be given by

My (f, K K 8) = (kf + K )y

where the prime ) denotes differentiation with respect to
2o(r—

Vi =10) e the Dirac Delta functions having “="<? .
) exp(—at) O(r—rp)

is constants. is the additional sec-

——hh k
tional heat available on its surface at > and k , k

are radiation constants on the upper and lower surface of cylinder
respectively.

The radiation and axial displacement Y and satisfy the
uncoupled thermoelastic equation as (Sierakowski and Sun) are

v U—£+(1—2 )12 2( 1+v) 20
»2 or 1-2v) " or
(10)
V2W+(1+2v)‘1%=2[ Lty ja 90
Oz 1-2v oz
(1)
,OU U W
Where & " % isthe volume dilatation,
U= ";_Q
And " (12)
- (13)
Q t
The thermoelastic displacement function (r,2,1)
(Nowacki) is governed by the Poisson’s equation
vZo :(I_H)j a0
1—v
(14)
win 2=0 g 7= g7 =0
2 2
v2 = 0 > +l§ +6_2
r or
Where or =
\% Q, . . . .
And are poisons ratio and the linear coefficient of ther-

mal expansion of the material of the cylinder respectively.
The stress functions are given by

r.(a,z,t)=0 7_(b,z,t)=0 7_(r,0,t)=0

O'r(a,z,t):pl O'r(b,Z,t):—po GZ(V,O,t)ZO

Where P and Po are the surface pressure assumed to be
uniform over the boundaries of the cylinder. The stress functions
are expressed in terms of displacement components by the rela-
tions

—()wrZG)—Jr)(g %—Wj
r z
(15)
7(i+2G)a—W ﬂ[él+£j
O r
(16)
ow ouU
o —(A+ZG)—+A(E E)

(18)

1-2v

Where is the Lame’s constant, is the shear mod-

U w .
ulus and and are the displacement components.
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The equations (1) to (18) constitute the mathematical formulation
of the problem under consideration.

Solution of the Problem
In order to solve fundamental differential equation (5) under the
boundary conditions (7) and (8), we firstly introduce the integral

transform of order 0 over the variable ” . Let " be the param-
eter of the transform, then the integral transform and its inversion
theorem is written as

_ b
S ()= [r f(r) Soky, ka, r) dr

a

£0)= T2 5y (ko )

e (19)
f r

where Jm is the transformation of S with respect to
So(ky, ka, panr)

nucleus .

So(ky, ko, 41,7)
The kernel function R %2> M can be defined as
Sotky kg 1) = [0 (ky. p140) Yo (k. 1)
+[Yo(ka, pya) Jo(ky, 1)

JO (ki7 /’lnr) = JO (/’lor) + kz /’ln '](; (/’lnr)

with
Yo(kys pr) = Yo () + ko ptXg (1) for i=1,2
Cy =lfr[So<k1, k. tyb) T dr

and ¢

inwhich °“" ang 0¥ 4o Bessels funcions of the

first and second kind of order ©~ 0 respectively.
Applying the transformation defined in equation (19) to the equa-
tions (5) (6) and (9) and using equation (7) and (8) one obtains

k2T (n,z2,1) L 9z=20)

y=
— ;T (n,z,t)+
HyT (n,2,1) o2 7

exp (—awt)

1 8T (n,z,t
1y So(ky, kas ta1p)] = X+;(—)

ot (20)
Where X =

M,T,1,0,0)=F
#( ) 21)
M (T .1, k3, h) = exp (ax) g So(ky. kp, 1,r) )
M (T, 1, kg, —h) = exp(-ax) ry So(ky, kz, t,7) )

f . . . T n .

Where is the transformed is function of and is the

Hp

transformed parameter. The Eigen values are the positive

roots of the characteristic equation.
So(ky, ko, p1yb) = So (ky, ko, pa) =0

We introduce another integral transformation that respond to the
radiation type boundary conditions

_ h 0 7
f(m,t)= _[f(z,t) P, (z) dz f(z,0)= z @PM (2)
—h m=1 m

, (24)
Further apply the transformation defined in equation (24) to the
equation (20) and using (22) and (23) one obtains.

By (h) _ Pu(=h)
ky

R ENT (om0 + { exp(-at) rSo(ky. 12 f,7)

k3
+ SED k1 ki) P(zg) = LT D)
o4 t (25)
M,T",1,0,0)=F
where (26)
T T

where is the transformed function of and " s the
transformed parameter. The symbol (*) means a function in the
transform domain and the nucleus is given by the orthogonal func-

o —h<z<h
tions in the interval z

Pm (2)= Qm COS(fmZ) - Wm Sm(émz)
where
O =Emlks +kq) cos(S,,h)

Wiy =2c08(Eph) + (k3 —kg) &y sin(Epyh)

h
I = [ PR = QR + W1+ sin E 10,2 2y

—h m

The eigen values ~" are the positive roots of the characteristic

equation
[k3a cos(ah) +sin(ah)][cos(ah) + kqasin(ah)]

=[kqacos(ah) —sin(ah)][cos(ah) — k3a sin(ah)]

After performing some calculations on the equation (25), the re-
duction is made to linear first order differential equation as

—%

d%+a(,u3 +al) T =—(A+¥)a

’ (21)
The transformed temperature solution is
T*(n,m,t)=—Z+Cexp{7at(,un2 +am2)} (28)

(A+Y)
0=—> 2
(tn™ +apy”™)

Where (29)
Applying the inversion of transformation rules defined in equations
(19) and (24) the temperature solution is shown as follows

T(r,z,t)= i L{ il{[[? + 5Iexp{f 0!1‘(/1,,2 + am2)}]— 5}}

n=1 Gy m=
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« Fu(2)

SO(kh k23 /lnr)

(30)
Taking into account of the first equation of equation (3), the tem-
perature distribution is finally represented by

O(r,z,1) = i%{ i{l_’+5 exp{f m(ﬂnz +am2)}]_ 5}Pm_(z)}

n=1~"n |m=1 j’m

t
exp | x(¢) dg
xSo(k1, ko, pyr) p[({ j 31)

The equation (31) represents the temperature at any instant and
at all points of the hollow cylinder when there are radiation type
boundary conditions.

Determination of Thermoelastic Solution:

o(r,z,t)

Substituting value of from (31) in (14) one obtains

(r,z,1)
as

the thermoelastic displacement function

{ i{[f+5[exp{— ot (i, +am2)}]—5}

m=1

Q(rzt)——[ j ,z

*ln

t
— @ Sohy. ks ) ex{jl(g) dé}
X im(ﬂnz +amz) 0

1(32)

Substituting the value of %"

(13) one obtains.
U= [1+vjat§: {i{FJré'Iexp{—at(,unz+am2)}]—5}

n=l~n

from equation (32) in (12) and

¢
“% St k1K ) e f}((@d?]
+
X m(tn” +ap™) 0 (33)
W= (H—VJa,Z {i{[l?+§1exp{fat(/1n2+am2)}]—§}
n=1~n |m=1

w (&) O sin(E2) + Wy, c08(E2)] )

‘
So (k1. ko, pyr) eX{Il(?) dCJ

' (34)

Now making use of two displacement components the volume
dilatation is established as

s (k1K) ex 260 a]
r 0
(35)

[#356(k1>k2,#nr)+ ’grznso(kbk%/’nr)}

Determination of Stress Functions

The stress components can be evaluated by substituting the val-
ues of thermoelastic displacement from equations (33) and (34) in
equations (15), (16), (17) and (18) one obtains.

o = (1+VJ rzlcn{zl{halexp@m(ﬂn +“'"2)}] 5} Py(2)

x {(z +2G) 1y SH k1, Ky 17+ ,{M
:

_é:r%tSO(kl’kZa:unr)j

X eX ,tf)((ﬁ) d?ﬂ
’ (36)

o, :—(1i:]a ’,OEOZIC—Z{EI{[F-#&IeXp{—m(yn +am2)}] 6} )

x [u +2G) & So (ki ka. ftyr) + A(;zns(")(k],kz,unr) + .

XeX{jz(é) dé’ﬂ

S SHE 0 ORI

n=1%n |m=1 Pn(2)

HnS0 (ky ka’lunr)]
(37)

St (kKoo 1) \
x[u +26) M + MRS Ky, Ky ttgr) + 3 SG (K1 g )

X €X] ff)((() dgﬂ
’ (38)

o0

7, :—2G[1+Vjat Z—{ Z{;W—& exp{fott(,un2 +am2)}]—§}

nlﬂml

[(=Em) (O, SIN(&,2) + Wiy, €O8(E1) 120 So (K15 ko 7))

t
exp[fﬂt(é“) d§]
0

Special Case and Numerical Results

. _5 2 z+t _ 2 z+t
Set f(z,0) (r—ry)a’e g(z,t)=0(r—ry)b"e F=0 (40)

Applying Marchi-Fasulo transform to equation (40), we obtain,
f(m,1)=e"(0.75)a’S, (ky, ky , p1,@)

(39)

a(m,t)=e"?(0.75)b°S, (k,, k,, 11 b h=2
gimit)=e ( ) 0( 1> K25 1, ) , k=086, cm.

— t=1 =1 =
b=4 om, sec , 0 om @
values in (15), one obtains

oSS bk o bl2)

! . Substitute this

n=1~n | lm=1 %
So(ky, kyy t1y7]  exp(t? /2)
Q2,0 = ’( jar X H %{FJr&]exp%m(,unz +am2)}]75}7Pz(z)}
- n=1%n [ m=1 m X

So(k1. ko yr)expt® /12)  exp(r*/2)
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