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Abstract- In this paper, an attempt has been made to determine the temperature distribution, displacement, and thermal stresses of a thin 
annular fin when the boundary conditions are known. Integral transform techniques have been utilized to obtain the solution of the problem. 
The results are obtained in the form of infinite series in terms of Bessel’s function. 
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Introduction 
The transient thermal stresses in an annular fin have been investi-
gated by Wu (1997) and the solution has been obtained with the 
help of exponential-like solution. Deshmukh (2003) analyzed the 
transient thermal stresses applying Hankel transform and Fourier 
transform techniques, where temperature transfer condition was 
prescribed on the surface of an annular fin. The boundary value 
problem described by Wu et al. and Deshmukh et al. occurs in 
design application.  
The present paper attempts to generalize the problem considered 
by Shang-Sheng Wu and obtain the exact solution of the problem. 
This paper further investigates the transient thermal stresses by 
the use of finite Marchi- Zgrablich transform and Laplace trans-
form techniques. The results are obtained in the form of infinite 
series in terms of Bessel’s function. 
 
Statement of the Problem 
Consider an isotropic circular annular fin occupying the space 

 . The material 
of the fin is isotropic, homogenous and all properties are assumed 
to be constant. We assume that the fin is of a small thickness and 

its boundary surfaces remain traction free (as shown in Figure 1).  
The governing equations and boundary conditions for the stress 
field [5, 8] consist of: 
a non-zero stress strain-displacement equation [7]  

, ,      (1) 
a single equilibrium equation 

,       (2) 
two equations of stress-strain-temperature relations [9]  

    (3) 

     (4) 
and, two boundary conditions 

 at       (5) 
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 at       (6) 
Combining equations (1)-(4), integrating twice with respect to r, 
and applying the boundary conditions (5,6), one obtains the stress
-displacement relations as 

  (7) 

 (8) 
Substituting these expressions, for the radial & tangential stresses 
into the stress equilibrium equation (2), leads to the following gov-
erning equation for the thermoelastic equilibrium of the circular 
annular fin in qualitative agreement with equations found earlier [3 
and 6]: 

,  

 ,       (9) 
Introducing the following dimensionless parameters as defined in 
the nomenclature (Appendix A): 

, , ,  

, ,  

 The equation (9) can be written in the dimensionless form as: 

, , ,  

  (10) 
The dimensionless radial and tangential stresses Sr and Sf in 
terms of the dimensionless displacement function are, 

  (11) 

   (12) 
The various dimensionless boundary conditions are defined to 
determine the influence of the thermal boundary conditions on the 
thermal stresses as: 
The initial condition  

, for all ,  and   (13) 
the boundary conditions 

, for all   

 and         (14) 

, for all   

 and         (15) 
where k1 and k2 are the radiation constants on the two annular fin 
surfaces 

, for all   

 and        (16) 

 , for all   

 and        (17) 

where  and  are known constants and here 
it is set to be zero, as this assumption, commonly made in the 
literatures [6] and [8], leads to considerable mathematical simplifi-

cation and the function  and  are assumed to be 
known. 
The equations (10) to (17) constitute the mathematical formulation 
of the problem under consideration. 
 
Solution of the Problem 
Applying finite Marchi-Zgrablich integral transform defined in [8] to 
the equations (10) to (13), (16) and (17) one obtains  

   (18) 
where mn are the positive roots of equation 

. 
Applying Laplace transform to the equation (18), one obtains 

    (19) 
Equation (19) is a second order differential equation whose solu-
tion is given by 

     (20) 

where ,  is the Laplace transform parame-
ter, A and B are two arbitrary constants. 
Using equations (16) and (17) in (20), we obtain the values of A 
and B. Substituting these values in equation (20), we get 

  

    (21) 
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Applying inversion of Laplace transform and finite Marchi-
Zgrablich transform to the equation (21), one obtains 

 

   

 

  (22) 
where 

 

  
and 

 

  
being 

 

and for  

 
Here  Jp(mx)  and Yp(mx)  

 are Bessel’s func-
tions of first and second kind respectively of order p. 
Substituting the value of temperature distribution function in the 
given thermal stresses equations (11) and (12), one obtains 

  (23) 
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Convergence of the Series Solution 
In order for the solution to be meaningful, the series expressed in 

equation (23) should converge for all ,

 and should further investigate the conditions which 

has to be imposed on the functions   

  and  so that the convergence of the 

series expansion for  is valid. The expression for tem-

perature (23) for  in dimensionless parameters may be 
expressed as  

  

  

 

             (25) 
where  

,

, 

, 
and  

 

   

 

                (26) 

After taking in to account the asymptotic behaviour of ,

 and  given in [8], it is observed that the 

series expansion (26) for  will be convergent, if   

(27)  

Here, ,  in equation (27) can be chosen as one 
of the following functions or the combinations thereof with addition 
or multiplication or both, as the laws of combination: Constant, Sin
(wt), Cos(wt), e-kt or polynomials in x, Sn, J0(mnx), Y0(mnx), QnC1n, 

QnC2n are convergent and thus,  is convergent to a limit 

. Here, we consider that the convergence 

of a series for  implies to the convergence for all , 

and  implies to the convergence for all . 
 
Special Case and Numerical Results 

Set  

a = 0.5, b = 1, c=1, R = 2, , , , 

 = 1 sec. and L = 2, l = 1,  in the equation (24) to obtain 
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Conclusion 
The temperature, displacements and thermal stresses of a thin 
annular fin have been obtained, using finite Integral transform 
techniques, when the boundary conditions are known. The results 
are obtained in terms of Bessel’s function in the form of infinite 
series.  
The series of solutions converge, provided we take sufficient num-
ber of terms in the series. Since the thickness of annular fin is 
very small, the series of solution given here will be definitely con-
vergent. Any particular case of special interest can be derived by 
assigning suitable values to the parameters and functions in the 
series of expressions. The temperature, displacement and thermal 
stresses that are obtained can be applied to the design of useful 
structures or machines in engineering applications. 

Fig. 1- Cross-sectional view of an isotropic circular annular fin  
 
Fig. (2) and (3) shows that as time and radius increases, tempera-
ture and radial stresses goes on increasing respectively, 

Fig. 2- 

Fig. 3- 

but in Fig. (4) as time and radius increases, the Tangential stress-
es goes on decreasing. Fig. (5) and (6) shows that as time and 
radius increases, temperature and radial stresses goes on de-
creases respectively, but in Fig. (7) as time and radius increases, 
the Tangential stresses goes on increasing. 

Fig. 4- 

Fig. 5- 

Fig. 6- 

Fig. 7-  
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  NOMENCLATURE 

a, b Inner and outer radii of the fin 

c Specific heat of material of the fin 

C1,C2 Constants 

E Young’s modulus of material of the fin 

h Heat transfer coefficient 

k Thermal conductivity of material of the fin 

N Dimensionless parameter 

qb Heat flux from the base of the fin 

R Dimensionless outer radius,  

Sr, S Dimensionless radial and tangential stresses 

T Temperature of the fin 

T Ambient temperature 

t Time 

u Radial displacement 

 Linear thermal expansion coefficient of material of the fin 

L Thickness of the fin 

r - Radial and tangential strains 

 Dimensionless temperature of the fin 

 Poisson’s ratio of material of the fin 

r  Radial and tangential stresses 

 Dimensionless time 

r  Polar coordinates 

 Dimensionless thickness 


