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Abstract- In this paper, an attempt has been made to determine the temperature distribution, displacement, and thermal stresses of a thin
annular fin when the boundary conditions are known. Integral transform techniques have been utilized to obtain the solution of the problem.
The results are obtained in the form of infinite series in terms of Bessel's function.
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Introduction its boundary surfaces remain traction free (as shown in Figure 1).

The transient thermal stresses in an annular fin have been investi- The governing equations and boundary conditions for the stress
gated by Wu (1997) and the solution has been obtained with the field [5, 8] consist of:

help of exponential-like solution. Deshmukh (2003) analyzed the a non-zero stress strain-displacement equation [7]

transient thermal stresses applying Hankel transform and Fourier ou u

transform techniques, where temperature transfer condition was fr=75 0 ST,

prescribed on the surface of an annular fin. The boundary value ) . . (1)

problem described by Wu et al. and Deshmukh et al. occurs in a single equilibrium equation

design application. do, 9r=% _,

The present paper attempts to generalize the problem considered dr ro

by Shang-Sheng Wu and obtain the exact solution of the problem.
This paper further investigates the transient thermal stresses by
the use of finite Marchi- Zgrablich transform and Laplace trans-

two equations of stress-strain-temperature relations [9]

o, = [Er +vgy —(1+U)aT]

form techniques. The results are obtained in the form of infinite 1-02

series in terms of Bessel's function. (3)
Statement of the Problem O g +oer + 0+ v9a]

Consider an isotropic circular annular fin occupying the space 4)

3 2. 2012 and, two boundary conditions
D={(x,y,z)eR’:a < (x" +y°) <b, OSZSI} .
. The material . =0 r=a
of the fin is isotropic, homogenous and all properties are assumed d at (5)

to be constant. We assume that the fin is of a small thickness and
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o, =0 r=>b
at (6)
Combining equations (1)-(4), integrating twice with respect to r,
and applying the boundary conditions (5,6), one obtains the stress
-displacement relations as

af " af a?
op === [T =Tondn+———|1-— |[(T =T )ndn
rT oy b” —a " a

(7)

r b

oy :—aE(T—TOO)+%EJ‘(T—Tw)ndn+b;i2(l—é]j(T—Tw)ndn
¥ a —a r a (8)
Substituting these expressions, for the radial & tangential stresses
into the stress equilibrium equation (2), leads to the following gov-
erning equation for the thermoelastic equilibrium of the circular
annular fin in qualitative agreement with equations found earlier [3
and 6]:

2 2
k 0 T+la_T+_a r —%(T—TOO):[)C&—T
ol ror g2 ot

a<r<b

0<z<l >0 ©)

Introducing the following dimensionless parameters as defined in
the nomenclature (Appendix A):

KT -T,) r z l
0:— = —_ = — L:—

)
T = (kt)z Rzé N2=2ha2

oca a kl

The equation (9) can be written in the dimensionless form as:
2 2
0“0 1060 076 N2 a0

_+_—
g2 §05 pr? 0T 1<g<R o0s<¢<L

7>0 (10)

The dimensionless radial and tangential stresses S; and Sr in
terms of the dimensionless displacement function are,

1 1 &2
s, =—(§—2]Ifefd§+{§—2 iz _JJlReédes

1 1 £241
S :—9+{—2Jj1§0§d§+(—2§2—+JJIR9§d§
& £ R -1

(12)

The various dimensionless boundary conditions are defined to

determine the influence of the thermal boundary conditions on the
thermal stresses as:
The initial condition

(11)

0 =0 _
(&,¢,7) for all 1s§§R, 0<¢<L and © 0 (13)
the boundary conditions
{9<§,c,r)+k1 %;”J SR
- , for all 0=c=rL
>0
and (14)

00(s,6,7)

{9(§,§7f)+k2 o¢

} =Fgr(¢,7)
£=R 0<¢<
, for all

and *7° (15)
where ks and k2 are the radiation constants on the two annular fin
surfaces

00(s.¢.7)

|:9(§,C,T)+C %

} =f(&,7)
0 , for all l=c<k

0
and °~

00(,6,7)

{9(5,41)% 5 } =g(&,7)
¢ e 1<E<R
, for all

>0
and

(17)
Fi(, Fp(<,

where 16.7) and R(6.D) are known constants and here

it is set to be zero, as this assumption, commonly made in the

literatures [6] and [8], leads to considerable mathematical simplifi-

cation and the function /o) and &0 are assumed to be
known.
The equations (10) to (17) constitute the mathematical formulation

of the problem under consideration.

Solution of the Problem
Applying finite Marchi-Zgrablich integral transform defined in [8] to
the equations (10) to (13), (16) and (17) one obtains

d?0m,¢,7) don,¢,7)
dr

22— (4 + NG 7) =
dg

(18)
where m, are the positive roots of equation
Applying Laplace transform to the equation (18), one obtains

428 (n,¢,s) ~

40 (=0
¢ (19
Equation (19) is a second order differential equation whose solu-

tion is given by

5* (n, ¢, s)=Aeq§ +Be™9¢ 20)

q=(u +N? +5)/? .
where , is the Laplace transform parame-
ter, A and B are two arbitrary constants.

Using equations (16) and (17) in (20), we obtain the values of A
and B. Substituting these values in equation (20), we get

5*@ o) [ ;*(n,s) }[ sinh(q()—cqcosh(g()]

lfczq2 sinh (‘IL)

S

_[7*@,3) ][mh q(;—L)—cqcoshq(g—L)J

1-c24? sinh(gL)
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Applying inversion of Laplace transform and finite Marchi-
Zgrablich transform to the equation (21), one obtains

oo Bl o ()
} _{[mTzf%Nz}(,_f)

x So (k1 K, tinr) x| [M dr’

1cﬂn

[2”(22 . L%[ Cn ]mzo C 1)”’“ [sm m”( o L Lj - (mT”] COSm’{g;LJ }
f(n,t) ] {(%)2“’3 +N Z}Gft')

1-c? /un

x So(ky, ko, p,r)x J[ dr'

(22)
where

2
b
Chn =7{§;2;(k1,k2, tpb)=J py (ks ks ) J pyy(ky,ka, #nb)}

2
a 2
- D) {9!,(/(1,1(2, /una)_‘]pfl(klsk2’ ”na)Jerl(kl’st :una)}

and
S, (kykys 14,6)=J , (N, (ki 11,0) + Y, (ke p1,5) |

Y (un N (ks 110@) + Yy G D)

being
I pkis pd)=J p(ud) + ki 1J (1)
i=1,2
and for

Yy, (ki &)=Y, (1) + ki uYy, (18)
Here Jp(mx) and Y,(mx)
] o
= EﬂCOSéC(pﬂ)[J_p (1) —e P7T , (1)]
are Bessel's func-
tions of first and second kind respectively of order p.

Substituting the value of temperature distribution function in the
given thermal stresses equations (11) and (12), one obtains

50| S )5 o o 2 (2
] e—{(msz +12+N? }(r—z') .

t - ’
< [ 880 (k1 Ky s ) [ [%
o\ I-c"uy

o[22 Bl B [l S5 4]
t[ Font) J —|:[r’2j2+ﬂ +N2:l(t —')
L ke

g
x [&So (ki ks upS)dE x| 2 “

1 o\ l-cuy

L€ -p2a-91&( 12 | (m2 ) (mz) (mz
+[?20'%2—1) 1 ]nz::l[;)mz:lm( ) {Sm( L j (L jco{ L H

dr'

2
o=, - = +/.13+N2:|(t—t')
< [R eS80 ko 1 [| S0 e {[ 7]
0 1_c2lun2

g b e (e e B e

2
l: mrz +/13+N2}(t7t')
XJffso(klskZ»ﬂng)déxfé[lf(n;)z ( ) dt'

- n

so=[ 2 8 L S | ({7
o).

x SoUk1. ka1, [1 8 )2] H

+N2:|
—C Hp

o528 s 2= ) of =)
(1) ] Km T“‘“N }( ‘)

x So(ky,ky, 1y &) x | [ P

B B S [ el
(22 i e

x [580(ky k. g )dE X L{%]

{2;@;}51_ oy 2 oo =L))o e~

dt'

dr'

- —{% +/13+N2}(f—l')
Xjé[ S(n,t") } ( j dz'X_[lgéSo(kbkz,#néf)d‘f

1*02/612

1 (&2+D 22010 2 mil| o (m\ (mz) (ma
(08 LR {2 (2o |

(n " [[ml‘”j2+yf+NZ:|(tt')

5 dt

x [ &0 (ky. k2, yng)dij g
ol 70 Hn

L@E+)200-0 |2 1 l(mr)  (mal¢-L)) mzr({—L)j
[é (Rz—l) 2 ]mzl%m( 1) {[L]cos[ T )sm[ T

{ mnr 2+#n2+N2 (l‘ft')

L

XIfﬁgO(kl’k27ﬂn§)d§XI f(n t)2 e [ ] dr'
0176 Hn

(24)
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Convergence of the Series Solution
In order for the solution to be meaningful, the series expressed in

. D: 1<é<nr
equation (23) should converge for all :

0<¢ <L . . " .
and should further investigate the conditions which

has to be imposed on the functions Ao, Freo.

AE,0), B, S,

and so that the convergence of the
series expansion for 6.0 is valid. The expression for tem-
0(¢.¢,7)

perature (23) for in dimensionless parameters may be

expressed as

27(1-¢) m+l m | _(mx ma
o (2525 S (sl )

2
R e
XSO(kl,kz,ﬂnf)Xj[MJXQ H L ]
0

[2”(2 C)jnZlCn ’EO( " {%cosmﬂ[gllLj—sinm;r[gLLH

2

mm 2 2

o= [ ZE | +42+N :|(tt')

XSO(kl,kz,ﬂnf)xJ'[lf(nT’tZJxe |:( L J dt'
o\l—¢c Hy

dr'
2.2
1—c”puy

= Z(QnCm)S JoWwné) - Z(QnCZn)S Yo (1, $)
n=l1
(25)
where
Cip =Yo(ky, pa) + Yo (ko p1,0)

0 2a
Con =Jolky, pya) + Jo(ky, pnb) " e,

Yo (ki s 110 &) = Yo (1) + ki 11 (1)

Jokis ttn&) = Jo(u8) + kit o (116)

~ (2z(1-¢) ml| o (ma \_mx (ma
S"‘( 2 szo(l) { [Lj LCO{LH
g ETho,

2.2
™

2z(1-¢) m+1 §-L . -L
[ 2 JIEO m(=1) [[ 7 Jcosmﬁ(T]—sm mﬂ(Tj:|
t - r - 7E +/13+N2 }(t—t')

XI[ o ]Xe {[ ) ] dr

0

1702/1712

y7;
After taking in to account the asymptotic behaviour of 4 .

So(k1,k2, 1,8) Cy

and given in [8], it is observed that the

%S il be convergent, i

= O[Lk} k>0
Hn

(27)

series expansion (26) for

s (T,

2,2
o\1—-c7uy,

) AT,

2.2
o\1—c7uy,

Here, g0 , Font) in equation (27) can be chosen as one

of the following functions or the combinations thereof with addition
or multiplication or both, as the laws of combination: Constant, Sin
(wt), Cos(wt), e*tor polynomials in X, Sn, Jo(mnX), Yo(mnX), Q:Crn,

0(5,6,7)

QnCanare convergent and thus, is convergent to a limit

0.C. D ep oot
. Here, we consider that the convergence

E=R . . E<R

of a series for implies to the convergence for all ,

¢=L

— <L
and implies to the convergence for all

Special Case and Numerical Results
[ SED=0-e e ra, g& == et ro),

= =0.2 k, =0.25
a=05b=1 c=1 R=2 k=0375 k=025 Kk ,

¥ =1sec.andL= 2,1=1, =1 in the equation (24) to obtain

0, 1)= Z {Zﬂkza i m(fl)mﬂ[[ﬂ]co{—mmd]—sin[—mmLﬂ
n=1n n m=l1 n n n

2
M] +ul+N? :|(r—t)
n

< [oa=—e)ef+o), e { dr

xSo (k1. k2, 1,1y So(kr, ks 1y10)

M‘“ §<2 1y (12

77

§ l:sm[(m - 1’/72)ij _((m —Zz)mjco{ (m— 17/72)7zuL H

{(W]Zﬂlﬁw}(wﬁ

xjg(lfe_l)egeL(]Jrc) e dt

xSo(ky, ko, t1y,8) 1y SO(kl’ k25 ;unr())
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Conclusion

The temperature, displacements and thermal stresses of a thin
annular fin have been obtained, using finite Integral transform
techniques, when the boundary conditions are known. The results
are obtained in terms of Bessel's function in the form of infinite
series.

but in Fig. (4) as time and radius increases, the Tangential stress-
es goes on decreasing. Fig. (5) and (6) shows that as time and
radius increases, temperature and radial stresses goes on de-
creases respectively, but in Fig. (7) as time and radius increases,
the Tangential stresses goes on increasing.

. . . . . 0.0E=00 + + + +
The series of solutions converge, provided we take sufficient num- 25 30 35 20
ber of terms in the series. Since the thickness of annular fin is 1 oE0a
very small, the series of solution given here will be definitely con- T
vergent. Any particular case of special interest can be derived by o
assigning suitable values to the parameters and functions in the |
series of expressions. The temperature, displacement and thermal
stresses that are obtained can be applied to the design of useful —=-0E-03 7
structures or machines in engineering applications.
r -4 0E-03 - -
E=0.05 E=0T75 E=0.85 E=055
Fig. 4-
4 DE-04
3.0E-04
=
Py 2 0E-04
1.0E-04 T
0.0E+00 + + + + t t + 1
. . . . L . Rl - R N I\ R U S =
Fig. 1- Cross-sectional view of an isotropic circular annular fin R A
=10 =20 — =30 =40
Fig. (2) and (3) shows that as time and radius increases, tempera-
ture and radial stresses goes on increasing respectively, Fig. 5-
2.5E-03 1 2 5E-04 -
2.0E-03 + 2 0E-04
= 1.5E-04
wr  1.5E-03 1 o
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Appendix A

NOMENCLATURE

b Inner and outer radii of the fin

Specific heat of material of the fin
Constants

Young's modulus of material of the fin
Heat transfer coefficient

Thermal conductivity of material of the fin
Dimensionless parameter

Heat flux from the base of the fin
Dimensionless outer radius,
Dimensionless radial and tangential stresses
Temperature of the fin

Ambient temperature

Time

Radial displacement

Linear thermal expansion coefficient of material of the fin
Thickness of the fin

Radial and tangential strains
Dimensionless temperature of the fin
Poisson’s ratio of material of the fin

o1, O Radial and tangential stresses

T Dimensionless time

r¢ Polar coordinates

C Dimensionless thickness

Ie)
N

53

w
<

8

< oo rQc T4V ZxomMOO ®
& 3
=
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