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Introduction

Nowacki [1] has determined steady-state thermal stresses in a
thick circular plate subjected to an axisymmetric temperature
distribution on the upper face with zero temperature on the lower
face and circular edge. Wankhede [9] has determined the quasi-
static thermal stresses in circular plate subjected to arbitrary initial
temperature on the upper face with lower face at zero tempera-
ture. However, there aren’t many investigations on transient state.
Roy Choudhuri [8] has succeeded in determining the quasi-static
thermal stresses in a circular plate subjected to transient tempera-
ture along the circumference of circular upper face with lower face
at zero temperature and the fixed circular edge thermally insulat-
ed. In a recent work, some problems have been solved by Noda,
et al. [5] and Deshmukh, et al. [1]. In all aforementioned investiga-
tions, an axisymmetrically heated plate has been considered.
Nasser [6,7] proposed the concept of heat sources in generalized
thermoelasticity and applied to a thick plate problem. They have
not however considered any thermoelastic problem with boundary
conditions of radiation type, in which sources are generated ac-
cording to the linear function of the temperatures, which satisfies
the time-dependent heat conduction equation.

This paper is concerned with the transient thermoelastic problem
of a finite length hollow cylinder in which sources are generated
according to the linear function of temperature, occupying the

D={(x,y,2)eR>: a<(x*+y)"? <b,
space

—h<z<h}, r=(x2+yz)l/2 ) o

where with radiation type
boundary conditions.

The success of this novel research mainly lies in the new mathe-
matical procedures with much simpler approach for optimization
for the design in terms of material usage and performance in engi-
neering problem, particularly in the determination of thermoelastic
behaviour in cylinder engaged as the foundation of pressure ves-

sels, furnaces, etc.

Statement of the Problem

Consider a semi infinite hollow cylinder in which sources are gen-
erated according to the linear function of temperature. The materi-
al of the cylinder is isotropic, homogenous and all properties are
assumed to be constant. Heat conduction with internal heat
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source and the prescribed boundary conditions of the radiation
type, the quasi-static thermal stresses are required to be deter-

9(r7 Z’ t)ﬁ

mined. The equation for heat conduction is the tem-
perature, in cylindrical coordinates, is:
2
K li[,,%}_,_a 4 +0O(r,z,t,0)=— 90
ror\ or oz2 ot
2.1)
o(r,z,t,0) ' .
Where is the internal source function and
k=A/pC, A

being the thermal conductivity of the material,

is the density and is the calorific capacity, assumed to
be constant. For convenience, we consider the undergiven func-
tions as the superposition of the simpler function [2]:

O(r,z,t,0) =D(r,z,t) +y(t) O(r, z,1)

(2.2)
and
- ,
T (r,z,0) =6(r,z,1)exp| — [w({)dC |,
(2.3)
- -
;{(}",Z,l‘) :(D(r,z,t)exp 7.].‘//(4/)d§
(2.4)
or for the sake of simplicity, we consider
5(7—7’0)5(2—20)
L z,1) = exp(—at),
Z(r2.10) 27 xp(-) a<r<b,

0<zg<o, >0

Substituting equations (2.2) and (2.3) to the heat conduction equa-
tion (2.1), one obtains

1o or o’r or
K|—— +— +y(r,z,t) =—
b ot

a}” Z

(2.9)
where is the thermal diffusivity of the material of the cylinder
(which is assumed to be constant), subject to the initial and
boundary conditions

M. (T,1, 0,0)=T;
t( ) =Ty for

K

<
a<r<b ’ 0<z<o (26)

M, (T,1, ky,a) =0, 0<z<wo >0

for , (2.7)

M, (T,1, ky,b)=0 for 0<z<oo >0

: (2.8)

for aSer, t>0 29)

a<r<b t>0

M _(T,1,1,00)=0

M(TL L0 = f(0) 2.40)

The most general expressmn for these condmons can be given by

Mlg(fakaka‘g):(kf_‘_kf).g:.ﬂ'

where the prime ( * ) denotes differentiation with respect to g ;

o(r—ry)

. . . . agl’o <b
is the Dirac Delta function with ;

w>0 . exp(—wt)o(r —1p)

is a constant; is the additional

sectional heat available on its surface at z = h; is the refer-

ok k
ence temperature; and
cylinder, respectively.

The Navier's equations without the body forces for axisymmetric
two-dimensional thermoelastic problem can be expressed as [5]
Vzu,,—u—rJr 1 % 2(1+v) o, 20 —O
72 1-2vor 1-2v 8r

are radiation coefficients of the

2.11)

I de 2+v) 30 _,

V2u, — lo#
1-2v BZ 1-2v oz

z

(2.12)

u
Where " and are the displacement components in the
radial and axial directions, respectively and the dilatation e as

Ou, u, Ou,

or r Oz

The displacement functions in the cylindrical coordinate system
are represented by the Goodier’s thermoelastic displacement po-
tential fand Michell's function M as [6]

e =

L, 08 o*M
or  oroz’ (2.13)
2
uz=g—¢+2(l—u)V2M—62M
: oz (2.14)

In which Goodier's thermoelastic potential must satisfy the equa-
tion

v ¢ (1+Ujat9

19
(2.15)

and the Michell’s function M must satisfy the equation
V2(ViM)=0

2
V2 10 [ 0 j+i
Where ror or) pz?

The component of the stresses are represented by the use of the

(2.16)

potential and Michell's function M as

g on 2
. @247)
O =G
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2
o =261 2 vy ). (2—u>V2M—a M
or? oz?

2 2
o, =2G 99 O oy -IM
Oroz 8r oz

Where © and v
respectively.

The equations (2.1) to (2.20) constitute the mathematical formula-
tion of the problem under consideration.

(2.20)

are the shear modulus and Poisson’s ratio

Solution of the Problem

In order to solve fundamental differential equation (2.4) under the
boundary condition (2.6), we firstly introduce the integral transform
[3] of order n over the variable r. Let n be the parameter of the
transform, then the integral transform and its inversion theorem
are written as

— b
2o =[2 rg(r) S,k ky. py r)dr,

()= 3 @ (1)) C) S (ks 1)
n=l (3.1)

gp(n r
Where 7 is the transform of &
Sp(kl’kZﬂ:un 7‘)
S

Applying the transform defined in equation (3.1) to the equations
(2.3) to (2.5) and (2.7) and taking into account equation (2.6), one
obtains

with respect to nucle-

e _
K —,u,%f(n,z,t)#—% +;?(n,z,t)=w
’ (3.2)
M,(T,1,0,0)=T;
¢( ) =T 3
M _(T,1, 1,00) =0,
2( ) (3.4
M_(T,1,1,0)= f(nt
2( )= f(n,1) (35)
X (n,2,8) =1 So (k1 k., 11,79) 6(z — zp) exp(—aor) (36)

Where T is the transformed function of r and n is the

transform parameter. The eigenvalues
roots of the characteristic equation

Jolky, na) Yo(ky, ub)—Jo(ky, ub) Yo(ky, pa)=0

SO(klakzs,un 7")

are the positive

The kernel function can be defined as

SO(kl’k2’ﬂrz r) = JO(ﬂnr)[YO(klvﬂna)+YO(k2’:unb)]_YO(ﬂnr)[‘]O(klhuna)+J0(k27ﬂnb)]

With
Joki, ury=Jo(ur)+k; nJo(ur)

Yo(kj, ur) = Yo(ur) +k; Yy (ur) o 1712

and

b
C, = [ 1180 (ky ey, 1, b)) dlr

Jo(ur) and Yo(ur)

in which are Bessel functions of first and

. p= .
second kind of order respectively.
We introduce another integral transform [2] that responds to the
boundary conditions of type (2.7):

F(mt) = Of f(z,0)cos pzdz,
0

flz,t)== Zf(m t)cos pz
7 m=1 (3 )
Further applying the transform defined in equation (3.7) to the
equations (3.2), (3.3) and (3.5) and using equation (3.4) one ob-
tains

—%
dT (n,m,t)

K[—,u,%f*(n,m,t) —a,znf*(n,m,t)]+ ;?*(n,m,l) = 7
BCE)

Mt(f*sla 0,0):7:0* (39)

7" (mm,0) =15 So(kys ko pi70) Py (20) exp(—cor) 310

where T is the transformed functionof 7 and ™ isthe
transform parameter.

After performing some calculations on equation (3.8) and using
equation (3.5), the reduction is made to linear first order differen-
tial equation as

dT"

d_+KA T H(/una am)
! (3.11)
2
2_Pp 2 2
am == A =u, +a
Where 2 , " "
and

H(/,ln , am) =71 S() (k1 s k2 N /,lnf‘()) exp(—a)t)
The general solution of equation (26) is a function

H(uy,ay)

nm ~ @

T (m ) eXp(K Ay 1) = eXp(-K Ay 1)+C

(3.12)
Using equations (3.4) in equation (3.7), we obtain the values of
arbitrary constants C. Substituting these values in (3.7) one ob-
tains the transformed temperature solution as

T*(n,m,t) H(l”n’ m)
[

K An,m

H(w,,ay)

K An,m -0

Xp( 0 t) + {TO* - :lexp(_’( An,m t)

(3.13)
Applying inversion theorems of transformation rules defined in
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equations (2.17) to the equation (3.8), there results

T (n,2,1)= - met ) eXpl-0) + (f()*_ﬁon,m)exp(_KAn,m f]eospz
" (3.14)
and then accomplishing inversion theorems of transformation
rules defined in equations (3.2) on equation (3.9), the temperature

solution is shown as follows:

2 0 1 0 _ —x
T(r,z,t)== ) — Zf(ms[)[@n,m exp(-an)+(Ty = 5,m) expl=k A, 1)]cos pz
n=l ~n \m=l
xSo (k1. ko, 1,7)
0\ 1-/25Hp (3.15)
_ Hy,am)
Son,m - KAn,m _

Where
Taking into account the first equation of equation (2.3), the tem-
perature distribution is finally represented by

O0(r,z,t) = : Z 1 {met[pnmexp( of)+ (7_"0*_Pn,m)exp(_KAn,mt)]COSPZ

T p=t “n \m=l

 So (ks ) exp| [y (1S |
(3.16)
The function given in equation (3.11) represents the temperature
at every instant and at all points of finite hollow cylinder of finite
height when there are conditions of radiation type.

Determination of Thermoelastic Displacement

Referring to the fundamental equation (2.1) and its solution (3.16)
for the heat conduction problem, the solution for the displacement
function are represented by the Goodier’s thermoelastic displace-

ment potential governed by equation (2.11) are represented

by
s = 1|°°—_ ] —_. \ . -|
frzd)=—| — & T —{ ¥ [fq;:mapﬁﬂ;—ﬂb _pn:w'z"?('g-"n,mff]cm?"r
T l-u) n.lc el nm J
% Splky Ry ) :‘ﬁp[_lé.r.a (€ | {4.1)

Similarly, the solution for Michell's function M are assumed so as
to satisfy the governed condition of equation (2.12) as

2140), 2 1[2 Fou

M{rzf)=— —| 0y yxpi-at) + (] - oy p)enel- el I]'
f"'_l'p.alglcnlm.l .me nm 0~ ¥ nm |
2+ 2082 by ) ] [ (4.2)

In this manner two displacement functions in the cylindrical coordi-
nate system f and M are fully formulated. Now, in order to obtain
the displacement components, we substitute the values of thermo-

elastic displacement potential and Michell's function M in
equations (2.9) and (2.10), one obtains

Lpn m expl(—ax) (T:. YJHJ.- haxpl—x . X.I’IJFI ] |

x[cos pz—{ , +1)coshii,z) — w, zsinhi s, 2|55 0. k. 2,7 5P|:J:.[D (;_-—}déwj (4.3)

310, 2 1 [2 T
gz 7o DJ.CV—[Z z

_ I
, [ m =xpa) + (T — @y ) e g )] |
150 |ma1 o ]

% [~y (cospz) — du, sinju ,z) —;_r,-‘; (sinh{u,z)+ z coshiz,z))]

Syl e ) exp] (€ ) | 44

Thus, making use of the two displacement components, the dila-
tion is established as
Then, the stress components can be evaluated by substituting the

values of thermoelastic displacement potential from equation
(3.12) and Michell's function M from equation (3.13) in equations

21+0) 2 1 (2 -Fm) |
==l —lgF — T —F -1 =42y empl-ax) = [T:. =B Jeplot Ny ) ]r
Ad-u) " Gy |-l Ny |

* [~cospz+ (15, + Dcosh(ts,2)+ p, zsinh(1s,7) - & cospz—(du +1) 15> cosh(,2)
1 o2 + 25y 2S00 Ry e {VENE | (4.5
(2.13) to (2.16), one obtains

4G 1+
T (T:. =) axp(f{'Lm,.I][

Ty = —_—
r |
Uy

E C‘L E (1) Egm\' enpl-Gt
el |m-
X{-mipf[-'l?:fmﬁ:)("l kg, )+ Syl Ry ) 'knr[cvunt‘ﬂil(uns )Sglf. Rz, )

=[(u, +Dcosh(us,2) +2 i sinh(,2)] g k. Ky, W}]}ﬂ]ﬁ;w{{)d;’ | (4.6)
(”'['[ﬂn_wﬂ]:( aX)+ {T:I Pyl Ay 0]

Sp(81 . )1 K (20015 cosh(lz
~ [ty + Dooshl 5, 2) +2 1, sinh{ 5,217 S0 W}]}mp[[;w(:_"}d:_":

461
For=— |
T

iz

), 2 1[50 NI N
1—. L-pl C—'lh:lf it m explar) + (I ‘ﬂlm#ﬂPH-'&mL‘][

 {- 08 P2y S . Ky 1y7) + Sp et #1200+ 1) 15 coshi{ s 2)

a’;”} {4.8)

o azu-{j':, AL ST [Ill

+,u.?zsimw.fz}]sc[hmwr}}em[j;w[:}

5, - 801 ,3

&l l-u)

ﬁ‘[l

L[5 u
Ce ot

% {am[cos p2)] SRk, nr) + [20ty sinl(iz)

+ ,Lr,‘:[sinh[,unz}+zcosh(;.(ﬂz}]] olig. i, ,unr}}zxp[h "}d_ (4.9)
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Special Case
Set w()=—-¢, Tp=0 (5.1)
= [w(&ds=-*12, 77 =0 62

Substituting the value of equation (5.2) into equation (3.15) to
(4.9), one obtains the expressions for the temperature and stress-
es respectively as follows:

2 Punf 0 . , N -
x L[axp(—ﬂ;—ax]:(—.f.\.nm:,-_-:aspz Splhy Ay, wgr) emp[ -1/ 2] |';,,3]
el Cn )

o
i
—
T el

3D i)
Gpmop T T

Hem] il n

~ K20 155 COSB{1,2) So(0 ey, 17) ~[ g +1) COSD12) + 2 1 Sit{1,2)]

[ xp(-ct) = amp{—ie Ay gy )] = 08 P2y SR 0, ) + Sl A, 8]

%S5 (g )} exp[—1 1 2] (5.4

Fimty R -l e s . .
%{a@:—su —enp{-eh, 6] f-cos ozl L SR By ) + Sl . )]

]

z

T

ogsm oy

a
L
a

= e [20 15 c0sia(11,2) So (k. Ky ) =1+ Dc0sh(5,2)+ 2 ity sinh 5, 2]~
%S5 (g, ) expl—£ /2] (5.3)

= = @ Fimn
f=oy T :ﬂ""'—o”'

=m] sl R

+[Qu+ p, )5, coshis,2)+ 45, zsinh(u,2)150 (5. Jop 1,7 )Jexp[+2 /2] (5.6

=z pﬂ.mf (m1)
Tp=0pF, -
=] M=l

+ [2us, sinh(u, 2) + s [sinh(1, 2) + 2 coshiin,2)]] S5 . k. )} exp[—£* /2] (5.7)

[enpi-ct) ~amplmieL 1)) {-coz I 5508 By, e+ Syl b, )]

e lenp)~exp( Ay )] {08 IS 1.7 )
"

where

4G(1+v
og=—1/|— |y
7 \1-v

Numerical Results, Discussion and Remarks

To interpret the numerical computations, we consider material
properties of Aluminum metal, which can be commonly used in
both, wrought and cast forms. The low density of aluminum results
in its extensive use in the aerospace industry and in other trans-
portation fields. Its resistance to corrosion leads to its use in food
and chemical handling (cookware, pressure vessels, etc.) and to
architectural uses

Table 1- Material properties and parameters used in this study.
Property values are nominal.

Modulus of Elasticity, E (dynes/cm?2) 6.9 X101
Shear modulus, G (dynes/cm2) 2.7 X10"
Poisson ratio, u 0.281
Thermal expansion coefficient, at(cm/cm-0C) 255X106
Thermal diffusivity, k (cm?/sec) 0.86
Thermal conductivity, | (cal-cm/°C/sec/ cm?) 0.48

Inner radius, a (cm) 1

Outer radius, b (cm) 4

length, h (cm) 2

The foregoing analysis are performed by setting the radiation
k; =0.86(i =1,3) ki =1(=2,4)
and ,

coefficients constants,

so as to obtain considerable mathematical simplicities. The other
parameters considered are ro = 2.5, zo = 1. The derived numerical
results from equation (43) to (47) has been illustrated graphically
(refer figs. 2 to 5) with available additional sectional heat on its flat
surfaceatz=1.

Fig. 1 shows the temperature distribution along the radial and
thickness direction of the finite hollow cylinder at t = 0.25. It is
observed that due to the thickness of the cylinder, a steep in-
crease in temperature was found at the beginning of the transient
period. As expected, temperature drop becomes more and more
gradually along thickness direction. It is also observed that, with-
out internal heat source, magnitude of temperature gradient de-
creases.

Fig. 1- Temperature distribution along r- and z-direction for ¢
=0.25

Fig. 2 shows the radial stress distribution s along the radial and
thickness direction of the finite hollow cylinder at t =0.25. From the
figure, the location of points of minimum stress occurs at the end
points through-the-thickness direction, while the thermal stress
response are maximum at the interior and so that outer edges
tends to expand more than the inner surface leading inner part
being under tensile stress.

s
T2
==
2R AR
SRS

Fig. 2- Radial stress distribution for varying along r-axis and z-axis
for t =0.25

Fig. 3 shows the tangential stress distribution sqq along the radial
and thickness direction of the finite hollow cylinder at t =0.25. The
tangential stress follows a sinusoidal nature with high crest and
troughs at both end i.e. r=1and r=4.
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Fig. 3- Tangential stress distribution for varying along r-axis and z
-axis for £ =0.25

Fig. 4 shows the axial stress distribution s;;, which is similar in
nature, but small in magnitude as compared to radial stress com-
ponent.

Fig. 4- Axial stress distribution for varying along r-axis and z-axis
for t=0.25

Fig. 5 shows the shear stress distribution s, along the radial and
thickness direction of the finite hollow cylinder at t =0.25. Shear
stress also follows more sine waveform with high pecks and
troughs along the radial direction at r =1 and r = 4, but minimum
at the center part along thickness direction.

Fig. 5- Shear stress distribution for varying along r-axis and z-axis
for t=0.25

In order for the solution to be meaningful the series expressed in

equation  (43) should converge for all asr<b g

“h<z<h 1a temperature equation (43) can be expressed

as
MM an 2
0=% Y ———Lexp(~wt)—exp(~k A, ,, )] B, (2) So(ky, ey, ) exp[ /2]
n=l m=1"%n"m (48)
o(r, z, 1)

We impose conditions so that
g(r,s) t—0
as

converge in some

generalized sense to in the transform do-
main. Taking into account of the asymptotic behaviors of

P (z 5 , Solki,ky, C, [P
m( ) Hn O( 1,42 ,unr) and [2,3], it is observed
o(r, z, )

that the series expansion for
vergent due to the bounded functions.

will be theoretically con-

As convergence of the series for implies convergence

forall = — ~ atany value of z. An exact solution requires use of
infinite number of terms in the equations. The effects of truncating
of terms are brought out by the comparison table for solutions of
different functions for 5 and 10 terms. For the convergence test of
the present method, we calculate the temperature values at the
point r = 4, z =1 with different time for 5 terms and 10 terms, as
shown in the table 2.

Table 2-The temperature under different time and different num-
beroftermsatr=4,z=1.

Functions 5 terms

Time =0.1 0.252 0.479

Time =1.0 0.045 0.067

Time = 2.0 0.001 0.002
Conclusion

In this study, we treated the two-dimensional thermoelastic prob-
lem of a finite hollow cylinder in which sources are generated
according to the linear function of the temperature. We success-
fully established and obtained the temperature distribution, dis-
placements and stress functions with additional sectional heat,
exp(—at)o(r —r =

P(=an)o(r=rp) available at the edge z=h of the
cylinder. Then, in order to examine the validity of two-dimensional
thermoelastic boundary value problem, we analyze, as a particular
case with mathematical model for v(e)==¢ and numerical
calculations were carried out. Moreover, assigning suitable values
to the parameters and functions in the equations of temperature,
displacements and stresses respectively, expressions of special
interest can be derived for any particular case. We may conclude
that the system of equations proposed in this study can be
adapted to design of useful structures or machines in engineering
applications in the determination of thermoelastic behavior with
radiation.
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