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Introduction

Symmetric duality in nonlinear programming was first introduced by
Dorn [1]. He introduced the concept of symmetric duality for quad-
ratic problems. Later on Dantzig et al.[2] formulated a pair of sym-
metric dual nonlinear programs involving convex/concave func-
tions. Mangasarian [3] introduced the concept of second-order
duality for nonlinear problems. Mond and Schechter [4] constructed
two new symmetric dual pairs in which the objectives contain a
support function and are therefore

nondifferentiable. Second order symmetric duality for Mond-Weir
type duals involving nondifferentiable function has been discussed
by Hou and Yang [5].

The symmetric dual problems in the above papers involve only one
kernel function. In this paper, we present nondifferentiable sym-
metric dual multiobjective problems involving two kernel functions.

Prerequisites
We consider the following multiobjective programming problem:
(P) Minimize

Fx)={Fs (x), F (),-.F (x)}

xeX={xeR"| Gj(x) £0,j=1,2,.,m}
Subject to :,
G:R"R" F:R" >R".

Where nd

f:R"xR™ —R¥ Vi (v,h)
For a function - , let

nxk(mxk) - Vi
matrix of first order derivatives and denote

denote the

the ™M matrix of second order derivatives.

a,beR",
For

azbea 2b,i=12..,n,
azb<axbanda=b,

a>bsa;>b,i=12..n

Definition 1

xeX
A point is said to be an efficient solution of (P) if there ex-

) xeX
ists no such that
F(x)<F(X).

Definition 2 [6]
n
if there exists a vector val-

The function F is n -invex at
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~ M:R"xR"—»R"
ued function

F(x)—F(u)—n" (x,u) VK(u) = 0,vxeR".

such that

Definition 3 [4]
n

Let S be a compact convex set in . The support function

s(x|S
xIS) of Sis defined by

s(x|S) =max{ x"y:y eS}.

S
The subdifferential of ) is given by
os(x|S) ={zeS:z x =s(x|S)}

n
For any convex set SR , the normal cone to S at a point

xeS is defined by
Ng (x)={y eR"y"(z—x) <0forallzeS}.
It is readily verified that for a compact convex set S, y is in

N s(y|S)=x"y.
s if and only if IS y

Wolfe Type Symmetric Duality
We now consider the following pair of Wolfe type second- order
nondifferentiable multiobjective programming problems.

Primal (WP)
Minimize

f(xy)+s(x|D)e—(y"V, (ATFxy)e -y (V. (hglxy))p)e
Subject to

YTV, (T () —w+ V. (T g(xy)p <O,

Ae=1,

A>0x>0,weR™

Dual (WD)
Maximize

f(u,v)+s(uB)e—(u'V, (AT f(uv)e (U (Vi (hguv)a)e
Subject to

V, (U V) +2+V,, (hg(u,v)q 0,

ATe=1,

A>0v=>0,zeR",

where

. pn m k
(i) FRIXRE SR is a twice differentiable function of x and y,
. 0:R"xR™>R" o . _
(ii) is a thrice differentiable function of x and
y1
. peR™geR"e=(1..1)" eR",
(il and

R", . R,
(iv) D and E are compact convex sets in and respective-
ly.
Any problem, say (WD), in which M is fixed to be A will be de-
(WD);.

noted by
Theorem 1 (Weak duality)

XYM hw, . uv,A,h z,
Let (xy P) be feasible for (WP) and ( % be

feasible for (WD). Let

B invex at u for fixed v and z,

i )= be "2 invexat y for fixed x and w,
i m(xu)+uz0,m,(v,y)+y=0and
' (%U)(Vy (T g(u)I <0,

M () (hTglxy)p 2 0.
(iv)
Then

f(xy)+s(xiD)e—(y'V, (AT f(xy)e -y (V,, (""g(x.y)p)e
2f(uv)+ s(ulE)e—(u'V, (AT (uV)e — (" (Vo (N gu,V)a))e.

Proof
Suppose, to the contrary, that

f(uv)+s(uE)e—(u'V, (AT (u,v)e —(u' (Vi (' g(uv)a)e
>f(xy)+s(xiD)e—(y"V, (AT (xy))e (v (V,y (" g(xy)p)e.

T._
Since >0 and rest,

f(uv)+s(ulE)e—(u'V, (AT (u,v))e —(u' (Vi (' g(uv))a)e
>f(xy)+s(Dje—(y"V, (AT (xy))e —(y" (V,y (halxy)p)e. )

the above vector inequality implies

(V) +(() 2)e

From i invexity of , we have

f(x,v)+(x"2)e— f(uv)—(u'z)e

> (Vlf(u,v) + zTe)m(x,u)T.
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Using »>0 , we obtain
(V) +(xT2) = (A7) (uv)—(u"2)
2 1y (U)(Vx (M) (uv) +2).
(8)

From the dual constraint (4) and hypothesis (iii), it follows that
UV (RTF(UV) +2+ Vo (hTguv))q)
24" (Vi (T (UV) +2+ V5 (T g(u,v)q).

©)
Now inequalities (8), (9) along with hypothesis (iv), yield

(ATHY) +(x"2) (A )(uv)

T T T
2=U (V (A H)(Uv) + Vi (h g(uv))a). (10)

Similarly by M2 -invexity of f(x.) = ()" wpe

straints (1) and hypotheses (iii) and (iv), we obtain
(RTHxY) = (ATF)x) +(vTw)

2y (V (RTH YN + Yy, (N g(x,y)P):

Adding inequalities (10) and (11), we get
(RTE)xY) +(x"2) =y "V, (A TF(x,y))
~(y"Vyy (NTg06y))P) = (AT)(uv) +(vTw)
—(UTVX(XTf(U,V))) ((UTV e (hTg(uv))a).

, the primal con-

XT
Finally, since

(RTE)xY)+8(x|D)~(y"Vy (A TF(x,y))
~y'Vyy(Tgxy)p) 2 (ATF)(uv) + (v |E)
UV (AT V)~ UV (hg(uv))a),

<s(x|D),v'w < s(v|E) .
, we obtain

which contradicts inequality (7). Thus the result holds.
Theorem 2 (Strong duality)

. (K.Y 0, W)
e
(WP). Suppose that

be an efficient solution for

Y,y (h'g)(x.Y)

(i) is nonsingular,

. {vyf’l (ily)lvye(yvy)v """ vyfk(ily)}
(ii) the set
pendent, and
V,, (TG, )P & span{V, (X, §),V,f, (X,§),.....

.................. v, (XY 0)

is linearly inde-

X,¥,4,h,p =0 (WD);
Then (xy P=0) is feasible for " and the objective

D);
function values of (WP) and b are equal. Also, if the hy-
potheses of Theorem 1 are satisfied for all feasible solutions of

WP)- WD)- X, V. Ahp=0
( )L and( )L , then (xy P=0) is an efficient solu-
WD)-
tion for (WD)
Proof
_(Xyhp) g o (WP) .
Since is an efficient solution for ,by the Fritz

John necessary optimality conditions [7], there exist

aeR" BeR™ 5eREeR and1,zeR"
such that the fol-

. . . (X.Y,%h,.p)
lowing necessary conditions are satisfied at :
(V,f(%,9)+ 7o )a +[(V,, (A H)(X.3)
+V,((Vyy (N QX Y)PIB - (@"e)y) - =0,
(12)
V(%)@ (@ e)h) +[(Vyy A TH(XY) +
Vy((Vyy (N Q(X.Y)PIB - (aTe) )-(@'e)Vyy

(14)

(B—(@'e)y) V4(Vyy (hTg)(X,¥)P) =0,
(15)

'V, (hg)(X,¥) =0, )
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)

_ Z 0
As A>0, from (19) we conclude that 5

equation (16) implies

B=(a'e)y.

. By hypothesis (i),

(25)

Journal of Information and Operations Management
ISSN: 0976-7754 & E-ISSN: 0976-7762 , Volume 3, Issue 1, 2012

Bioinfo Publications

252



Second Order Symmetric Duality in Nondifferentiable Multiobjective Programming Under Invexity

Therefore (14 ) yields

Now suppose * =0 . Then equation (25) implies p=0 . Also,
equation (12) implies that ' _ . Hence, (,8,7,5,&M)=0 |
which contradicts (24). Hence, =0, So x=0,

a'e>0. -

Therefore equations (25) and (26) yield

jo b

I\

0.

a'e
Now, from (1 )and (25), we have
V,f(x.y)@—(@'e)r) =(@'e)V,, (hTg)(x.y)p.

(27)
Using the hypothesis (iii), the above relation implies

(@'e)V,, (hgxy)p=0 o ,
which by hypothesis (i) and (26) yield

P 0. (28)
Therefore equation (27) gives

(V,H(X.¥)@—(a'e)n)=0.

VRV (K F)V, (KT

Since the set is linearly
independent, the above equation implies
a=(a'e)r
: (29)
Using (25), (26) and (29) in (12), we get
vV, (ATH(X,Y)+7)=n20.
(VAT +P)=nz -
X,y,h,z=7,4=0
Thus (x.y 7:0=0) is a feasible solution for the problem
(WD);;

Now from. equation (30),
X (Vi ()X Y)+2)=1"x =0
or using (22)

T ATH(Y V) = %17 — _o(X
X" (V, (ATF)(X,¥) =—%"Z =—s(x |D). (31)

m yw=s(y|E).
Also, as E is a compact convex set in R . y V1B

Further, from (21), (25), (26) and (28), we obtain
YV, (RTH)(X.Y) =y W=s(y|E).

Thus, the two objective function values are equal. Using weak

. . (X.y.h,Z,g=0) .
duality it can be easily shown is an efficient

D)-
solution of )X .

Suppose

IV .
(i) be nonsingular,

VGV, V6 (0,7 V, (T, V)

(ii) the set is linearly inde-

pendent, and
Vi (NT)(U,V)3 & Span{V/f,(,V), Vf, U,V

UV
........... Vil (G

).

(U,v,h,Z,p=0) . ,
Then is feasible for

. (WP); (WD) .
function values of and are equal. Furthermore, if

the hypotheses of Theorem 1 are satisfied for all feasible solutions
WP)- WD)--
(WP); and (WD);

2 and the objective

U,v,h,w,g=0

then ( 9=0) is an efficient
. (WP);

solution for

Proof
Follows on the lines of Theorem 2.
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