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Abstract- The standard six crack-tip enrichment functions defined for piezoelectric media show an anomaly associated to their modified radii. 
It is found that these standard enrichment functions are not working for all the piezoelectric materials. To remove this anomaly, a generalized 
set of crack-tip enrichment functions are proposed here by redefining the existing basis functions. This would work for all the piezoelectric 
materials. The efficiency of these proposed enrichment functions are validated to Griffith’s crack in an infinite domain with the energy norm 
and Intensity factors (IFs) convergence. The results obtained using X-FEM is also compared with the finite element method or without enrich-
ment case on the same structured mesh. 
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Introduction     
Piezoelectric ceramics are extensively used in high-tech apparatus 
as a key component of sensors/actuators/transducers. Due to the 
fatigue and aging cracks develop in them. Consequently it is imper-
ative to investigate the fracture behaviour of such materials.  
The extended finite element method (X-FEM) proposed by 

et al. [1], Black et al. [2] has proven to be a very efficient 
tool for the numerical modeling of cracks in LEFM. Recently, Bé-
chet and his co-workers [3] have successfully applied the X-FEM to 
investigate enrichment schemes and their convergence for semi-
infinite crack and Griffth-Irwin crack weakening a piezoelectric 
material having arbitrary polarization direction. They developed a 
set of six basis functions for the crack modeling in piezoelectric 
materials using analytic calculation based on Lekhnitskii’s formal-
ism and William’s Eigen function approach. Bhargava and Sharma 
[4] applied the X-FEM with the four basis functions to study the 
finite specimen effects in 2-D piezoelectric media. 
The objective of this work is to highlight the anomaly associated to 
modified radii of the six standard crack-tip enrichment functions 
with respect to different existing piezoelectric materials. Further, a 

more generalized set of six crack-tip enrichment functions is pro-
posed here for 2-D piezoelectric media in the framework of the X-
FEM. The polarization is taken in an arbitrary direction to the crack 
axis and imposing impermeable conditions on the crack surface. 
The IFs are obtained using interaction integral in conjugation with 
the Stroh formalism.    
 
Extended finite element approximation 
Modeling of cracks using FEM is cumbersome in 2-D for complex 
structures or crack geometries. But X-FEM models crack(s) geom-
etry independent of the mesh leading to a simplification in mesh 
generation and avoids remeshing as the crack grows. 
The X-FEM exploits the partition of unity property of FEM first iden-

tified by et al. [1], which allows local enrichment functions 
to be easily incorporated into a finite element approximation. A 
standard approximation is thus enriched in a region of interest by 
the local functions in conjunction with additional degrees of free-
dom. For crack problems the enrichment functions are the near tip 
asymptotic fields and a discontinuous function to represent the 
jump in the displacement across the crack boundary.  
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To represent a crack, Level Set Method (LSM) has been applied 
which is proposed by Osher and Sethian [5]. One normal level set 

function, , that is the signed distance to the union of the crack 
and the tangent extension from its front, and another tangent level 

set function, , that is the signed distance function to a surface 
that passes by the crack boundary and is normal to the crack. The 

crack surface is defined as the subset of the zero level set of  

where  is negative. The crack front is defined as the intersec-
tion of the two zero level sets. 
The extended finite element approximation for the displacement 
and electric potential can be written as follows 
 

 

(2)                                                                       

where   (19) where is a modified 
Heaviside step function 

         (3) 

and the shape functions, , are isoparametric linear 
quadrilateral element shape functions that construct the partition of 

unity. The column matrices  and  are the nodal displace-

ments and electric potential respectively, and , and ,

are the additional parameters.  
where 

,  is the four-
quadrant inverse tangent function; 

 = the set of all nodes in the discretization; 

= the set of all nodes that are connected to elements con-
taining crack tip(s); 

= the set of nodes that are connected to elements contain-

ing the crack but not in . 
The set of nodes elected for enrichment are shown in Fig.  
 

 
 
 
 
 
 
 
 
 
 

 
 

Fig. 1- The set of nodes elected for enrichment 
 
Substituting the approximate displacement from Eq. (2) and the 
electric potential from Eq. (3) into the weak form illustrated in Pie-
fort and Preumont [6], the standard discrete system of equations is 
obtained 

                    (4) 

where is the vector of external nodal forces and  the 
stiffness matrix. 
The standard six crack-tip enrichment functions [3] are defined as 
 

     (5) 
where                                        

       (6) 

The complex numbers  are the six roots of the 
characteristic equation A.5 defined in the Appendix. The modified 
angle and radius have the form 

    (7) 

     (8) 

where  
Eqs. (7) and (8) assure that there are only three distinct values of 
modified angle and radius corresponding to eigenvalues with posi-
tive imaginary part, the rest are same to their respective conjugate 
parts. 
 
Material dependence/independence of standard enrichment 
functions defined for piezoelectric material 
If the roots of the characteristic Eq. (A.5) are purely an imaginary 
then  
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     (9)    

Now, if < 0.5 then sign of 

 depends on . 

Further, we know that  lies between , therefore the 

possibility of  to be negative 

cannot be neglected. Hence,  is imaginary. There may be 
several cases possible where the position of the crack tip(s) and 
the Gauss point(s) of the blending element(s) or the crack tip ele-

ment(s) are in such a way that  is imaginary. Fig. 2 shows 
one of the same cases at the marked Gauss points for PZT-6B.  
Table 1 presents the roots of the characteristic Eq. (A.5) with posi-
tive imaginary part for different piezoelectric materials. The poling 
direction is taken as perpendicular to the crack axis. The material 
constants for PZT-6B, PZT-PIC 151 and P-7 are taken from [7]. 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2- Anomaly associated with the standard basis functions at the 
marked Gauss points 

 
Table-1 - Eigen values with positive imaginary part of different pie-

zoelectric materials at polarization angle,  
 
 
 
 
 
 

It is observed from Table 1 that one of the eigenvalues is purely 

imaginary with <0.5. This implies that for all the above 
mentioned materials, there is always a possibility of finding a 
Gauss point at blending element(s) or crack tip element(s) where 
modified radius is imaginary. Therefore, the standard six enrich-
ment functions for crack tip could not be guaranteed to precisely 

represent the crack tip solution or to represent the field variables 
near the crack tip, which are actually real in nature. 
 
Generalized set of crack-tip enrichment functions 
In above section, we noticed that there is a need to redefine the 
modified radii of the standard enrichment functions otherwise it 
would not be applicable to all the piezoelectric materials. Here, we 
redefine the modified radius 

      (10) 

where (11) 

in such a way so that  is always a real and positive value. 
Hence, the new generalized set of crack-tip enrichment functions 
are defined as 
Our next objective is to show that the results obtained using gener-
alized set of crack-tip enrichment functions are accurate in nature. 
This has been established by obtaining the energy and IFs conver-
gences of the X-FEM results for Griffith-Irwin crack in an infinite 
domain. The results are also compared with finite element method 
or without enrichment case on the same structured mesh. The 
material used for this analysis is PZT-6B with polarization angle set 

to be equal to . The geometry, crack length and the applied 
loading are considered as shown in Fig.3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3- Model geometry of the Griffith’s crack for finite computation 

 
 
 
 
 
 
 
 
 
 

Fig. 4- Convergence study for PZT-6B under generalized set of 
crack-tip enrichment functions 
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Piezoelectric Material 
Constants 

Eigen values with positive 
imaginary part 

PZT-6B 0.5176i, 1.0143i, 2.1015i 
PZT-PIC151 0.1904i, 1.1351i, 2.2718i 
P-7 0.1795i, 0.9561i, 2.1951i 
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Fig. 4 presents the energy and IFs convergences versus 1/he for 
the generalized set of enrichment functions and without enrich-
ment case.  
It clearly shows the energy norm and IFs convergence for X-FEM 
results obtained using generalized set of crack tip enrichment 
functions with respect to Griffith crack domain. 
Further, an optimal rate -0.5 is also obtained for the energy norm 
convergence in conjugation to topological enrichment case. It is 
also noted that the obtained X-FEM results are far better than the 
ones achieved by using without enrichment case. Hence, the pro-
posed enrichment functions defined here are considered to be the 
generalized crack-tip enrichment functions for the piezoelectric 
materials. 
 
Conclusions  
It is found that the six standard enrichment functions are not appli-
cable to all the piezoelectric materials by means of the X-FEM. 
Therefore, generalized set of the crack-tip enrichment functions 
are proposed here, which are applicable to all the piezoelectric 
materials having a generalized case of crack and poling position. 
 
Appendix 
Assuming the plain strain conditions, the constitutive equations 
can be written as 
 

(A.1) 

 (A.2) 

where coefficients  are reduced elastic, piezoe-
lectric and dielectric constants, respectively defined in [3]. 
Now using extended Lekhnitskii’s formalism to piezoelectric solids, 
the following potential function representation is introduced 

   

where  are complex potential func-
tions. 
It can be shown that the equilibrium equations are automatically 
satisfied by equation (A.3). Using the strain and electric field com-
patibility equations, the following sixth order differential equation 

can be derived for  

     (A.4) 

 

where   
are the roots of the characteristic equation 
 

 (A.5) 
and 

     (A.6)                                   
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