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Abstract- In this paper a new kind of splines, called quadratic non-uniform algebraic trigonometric B-splines (quadratic NUAT B-
splines) with multiple shape parameters are constructed over the space spanned by {1, ¢, t2, sint, cost, sin’t, c—oszt}. As each

piece of the curves is generated by three consecutive control points, they possess many properties of the quadratic B-spline
curves and quadratic trigonometric B-spline curves. These curves have ¢! continuity with non-uniform knot vector. These
curves are closer to the control polygon than the quadratic B-spline curves and quadratic trigonometric B-spline curves when
choosing special shape parameters. The shape parameters serve to local control in the curves. The changes of one shape
parameter will only affect two curve segments. Taking different values of the shape parameters, one can globally or locally adjust
the shapes of the curves. The generation of tensor product surfaces by these new splines is straightforward.

Keywords- Quadratic NUAT B-spline; shape parameter; continuity; spline surface.

Introduction

The trigonometric B-splines were presented in [12]. The
recurrence relation for the trigonometric B-splines of
arbitrary order was established in [8]. The construction of
exponential tension B-splines of arbitrary order was given
in [7]. It was further shown in [13] that the trigonometric B-
splines of odd order form a partition of a constant in the
case of equidistant knots.

In recent years, several bases in new spaces other than
the polynomial space have been proposed for geometric
modeling in CAGD. For instance, in [10] a basis is
constructed for Cm=span {1, cost, ....cosmt}. In [11] a
basis for the space of trigonometric polynomials {
1, sint, cost, ..., sinmt, cosmt} is constructed. Some
bases are constructed in [9] for the spaces {
1,t, cost, sint, cos2t, sin2t}, {1,t,12. cost, sint} and {
1,t, cost, sint, teost, tsint}. In [1] C-Bézier curves are
constructed in the space spanned by
{1.t,t%,...,t" "2 sint,cost} . Non-uniform algebraic
trigonometric B-splines (NUAT B-splines), are generated in
[14] over the space spanned by
{1,t.....t"=3, cost, sint} in which k is an arbitrary
integer larger than or equal to 3. But all these curves do not
have any shape parameter. In [15, 16] C-B-splines are
presented in the space spanned by {1, ¢, sint, cost} with
parameter c.
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In order to improve the shape of the curve and adjust the
extent to which a curve approaches its control polygon,
some trigonometric curves are presented by using global
shape parameters in [2, 5 6]. In [3, 4] quadratic
trigonometric  polynomial curves with local shape
parameters are constructed. A new kind of B-splines,
quadratic non-uniform algebraic trigonometric (NUAT) B-
splines with multiple shape parameters, is presented in this
paper. The present paper is organized as follows. In
section 2, the basis functions with multiple shape
parameters of the Quadratic NUAT B-Spline Curves are
established and the properties of the basis functions are
shown. In section 3, Quadratic NUAT B-Spline Curves are
given. Continuity of the curves, Open and closed
trigonometric, and shape control of the curves are
discussed. In section 4, the corresponding Quadratic NUAT
Bézier Curves with multiple shape parameters are defined
and their properties are given. The Quadratic NUAT B-
Spline Curve approaches to the control polygon by
increasing the shape parameters. It is shown in section 5
that the quadratic non-uniform algebraic trigonometric
(NUAT) B-splines are closer to the control polygon than the
quadratic algebraic B-spline curves, cubic algebraic B-
spline curves and the quadratic trigonometric polynomial
curves of [5] when choosing special shape parameters.
The corresponding quadratic non-uniform  algebraic
trigonometric (NUAT) B-spline surfaces with multiple shape
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parameters are defined in section 6. Our results are
supported by various numerical examples in each section.

Quadratic NUAT Basis Functions

21 The constructon of the basis functions
Definition1. Given Knots wp < 11 < uo < ...... < Upy3
and refer to U= (uo, w1, Uz, ...... u,+3) as a knot vector.
For shape parameters A; €[—2,a] , where
a=1+2(2)2 , let Au; = ujp1 —

@ Au,AlliAu, ! 6) Au jiiuprl

ti(u) = 5(52)
ci(t) = H{(1 —sint)(1 — A\i—ysint) + (1 — 2¢)?}
di(t) = 2{(1 — cost)(1 — X;cost) + (21)*}

Then the associated quadratic NUAT basis functions with
multiple shape parameters are defined to be the following
functions:

bi(u) =
Bidi(ti(u)), if u € [u;, uigr),
1 — aiyp1cip1(tipr(w)) — Big1dipr(tip1(u)),
if u € [uiy1, uipa),
igaciyo(tiva(u)), if u € [uiro, uirs),

0, if u ¢ [uuits).

For i=0,1,2,......,n.

(1)

The properties of the quadratic NUAT basis functions
Theorem 1 The basis functions (1) have the following
properties:

(a) Non negativity : b;(u) > 0 for u; < u < u;i3
(b) Partition of unity: > """ bi(u) = 1. u € [ug. tn1]

(c) Smallest ~ support  property:  b;(u) =0
for wp <u <w; , Ujrs < U < Upay
(d) Monotonicity: ~ For w € [wi, tiy1), i=2,3,.....0;
bi—a(u) = ae(t;) :
bi—1(u) =1 — aie(t;) — Bid(t;) ,

bi(u) = Bid(t;)
For a given value of knot u € [u;, uit1), bi—2(w)and
b; () are monotonically decreasing as shape parameters
Xi_; and \; increase respectively and b;_i(u) is
monotonically increasing with the increase in shape
parameters Ao and Ai respectively.
In view of the properties (a)-(d) we say that the basis
functions has a support on the interval [u;, u;13] V
i=0,1,2,......,n. For equidistant knots, we refer to the b; ()
as a uniform basis function. Fig. 1 shows the curves of
uniform basis functions for all A; = —1.8 (blue lines),

A; = 0 (green lines), and A; = 1.8 (red lines) for the
knots wg =0, w1 =1, us =2, ug =3, uqy = 4,
5 = b,us = 6. The basis functions defined over non-
equidistant knots are called non-uniform basis functions.
Fig 2 shows the curves of non-uniform basis functions for
all \; = —1.8 (blue lines), A; = 0 (green lines), and
A; = 1.8 (red lines) for the knots wg = 0, uy = 0.7,
o = 1.5, s = 2.2, ug = 5,us = 6.3, ug =T.
The basis funct|ons defmed over equidistant knots are

called uniform basis functions.
1r
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The continuity of the quadratic NUAT basis functions

Theorem 2 The quadratic NUAT basis functionsb; () has
1 continuity at each of the knots.

Proof- Consider the continuity at the knots 1,1 andu; 12

(we can deal with the knots ; and ;4 3 in the same way).

Straightforward computation gives that

bi(ui ) = [3- b,;(u;:Ll) =1— a1

bi(uis) =1—Pit1 bi(ujﬁrz) = Q42
b’(u1+l): Au { (1+A)+l}’
b (“;+1) Au:[.:l T+ ) + 1}

19

International Journal of Machine Intelligence
ISSN: 0975-2927 & E-ISSN: 0975-9166, Volume 3, Issue 1, 2011



Vi) = _\;tl_l{ (T+ A1) + 1}
o
b; ( £+7) Autf-z{ (1 + A""H + 1}
H Ny _ 3
Since cvj1 =1 xui7 = Ay

k
0< j < n+1),weget b (ur, ) = b1 (uh )
and b( )( ?+2) b(k)( ?-I-Z) k=0,1

1
The theorem follows.

The case of multiple knots
So far in the discussion of the basis functions, we have
assumed that each point is simple. On the other hand, the
basis functions also make sense when knots are
considered with multiplicity & < 3. For the quadratic
NUAT basis functions, with multiple knots, it is worth notice
that we shrink the corresponding intervals to zero and drop
the corresponding pieces. For example if 2; 11 = ;428
a double knot, then we define
bi(u) =

Bidi(ti(u)), if u € [ uigq),

igaciva(tiva(u)), if u € [uip2, uits),

0, if u € [u;, uits).
Theorem 3 Suppose that a basis function has a knot of
multiplicity k (k=2 or 3) at the parameter value u. Then at
this point the continuity of the basis function is reduced
from C'' to 2% ("~ means discontinuity). Moreover
the support interval of the basis function is reduced from 3
segments to 4-k segments.

Proof It is direct application of (1) and the expressions
given in the proof of Theorem 2.

-
0.8+
0.6-
0.4F

0.2k
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Fig. 4
Fig 3 shows the curves of the quadratic NUAT basis
functions for all A; = —1.8 (blue lines), A; = O (green

lines), and A\; = 1.8 (red lines) with a double knot (
Uy = 0, U1 = 1, Uy = 2, Uy = 3, gy — 3, Us = 4,
g = D). Fig 4 shows the curves of the quadratic NUAT
basis functions for all \; = —1.8 (blue lines), A; = 0
(green lines), and A; = 1.8 (red lines) with a triple knot (
wy = 0,“1 = 1, Uy = 2, Uy = 3, gy = 3, Uy = 3,
ug = 4).

Quadratic NUAT Curves

Definition 2. Given points 7 (i=0, 1,2, ..., n) in R?or R?
and a knot vector U=(ug, 1, ...... s U+ 3) Then

T(u) =327 bi(u) P,

n > 2, u € [uz, tnt1), (3)

is called a quadratic NUAT curve with multiple shape
parameters.

Obviously, for u € [u;, 1;41) (2 <7 < n) the curve
T(u) can be represented by curve segment

T(u) = bi—o(u)Pi—a + bi—1(u)Pi_1 + bi(u) P,

(4)
These curves have many properties of the quadratic B-
spline algebraic curves and trigonometric curves of [2, 3, 4,
5, 6], such as geometric invariance, convex hull property,
symmetry, variation diminishing and locality.
Moreover,
T(ul) = ai(Pi—a — Pisy) + Piy
T(u; ) = Bic1(Pic1—=Pi2)+ P2 = ai(Pi—a—
P 1—1) + P
T’(u?)—i‘:{ {’( + N1 +1}P 1 — P 2)

T'(u7) = 2= {5 (L4 Aima) + 1 (Picy = Pia)

The continuity of the quadratic NUAT curves
Analogous to the quadratic B-spline curves, the choice of
the knot vector automatically determines the continuity of
the quadratic NUAT curves at each of the knots as shown
by the following theorem.
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Theorem 4 If a knot w, has multiplicity & ( k=1, 2 or 3)
then the quadratic NUAT curves have C'2—% continuity.
Proof It is a direct result of Theorem 2 and Theorem 3.

Open and closed quadratic NUAT curves
Since the curve T(u) is generated on the interval [
2, Unt 1], the choice of the first and last two knots is free
and these knots can be adjusted to give the desired
boundary behavior of the curve. See the following
descriptions.

For an open algebraic trigonometric curve, we choose the
knot vector U=(”£.!,(]= U= U, U,y e y Uy U117 Up 2™
w43 ). This assure that the points Fj; and P, are points
on the curve. Of course, the interior knots can be multiple
knots. Fig. 5 shows open NUAT curves for all A; =-1.8, 0,
1.8 (red lines) respectively, open trigonometric curves of [5]
for A; = —1.0, 1 (blue lines), and the quadratic B-spline
curves (green lines) corresponding to the same control
polygon for a non uniform knot vector 2= 17 =19 =3,
3 =D, us =55, us =8, us =9, ur =10,
ug = ug = w19 = 11. As the shape parameters A;
increases, the algebraic trigonometric curves (red lines)
approach to the edge of control polygon.
In order to construct closed quadratic algebraic
trigonometric curves, we can extend the given points
P, P], Po, il P, by setting Rﬂ_lzp(],
Poio = Prand let Aug = Auyig, Aup = Ay
(such that T'(u2)=T(tn+3), T (u2)=T"(tunt3)),
Upt5-Unt4. Thus the parametric formula for a closed
quadratic NUAT curve is

T(u) =2 bi(u) Py

=0
by41(w)and b,, 12 () are given by expanding (1).

u € [ug, Up43] where

Fig. 5

Fig. 6

Fig. 6 shows closed algebraic trigonometric curves for all
A= —1.8,0,1.8 (red lines) respectively, closed
trigonometric curves of [5] for \; = —1,0, 1 (blue lines),
and the quadratic B-spline curves (green lines)
corresponding to the same control polygon for a uniform
knot vector.

Shape control of the curves

Foru € [ui, ui+1], t;, = ﬂgﬁ_\:ﬁi)

we rewrite (4) as

follows

T(u) = bi—o(u)Pi—a + bi—1(u) Pi—1 + bi(u) P;
= Z?:U Piyjor;(ti)*

(Pico — Pi1)S Ai—1sint(sint; — 1)+

(P — Pz’—l)%)\i cost;(cost; —1) (5)

Where

ro(t;) = S{1 —sint; + (1 — 2¢)?}

ra(ti) = %{1 — cost; + (21)%}

‘."1(15?:) =1-—- .'"'ﬂ(t.,:) — T'Q(f,‘_)

Obviously, shape parameters );_, and A; only affect
curves on the control edge (F;_» — FP;,—1) and
(FP; — P,—1) respectively for all i =2,3,....n+ 1.
From (5) we can also predict the following behavior of the
curves. The curve has local control due to small support of
b; (). From (5) we can also predict the following behavior
of the curves. Change of one control point will alter at most
three segments of the curve. So local adjustment can be
made without disturbing the rest of the curve. The shape
parameters A; also serve to effect local control in the
curves. As );_, increases, the curve moves in the
direction of the edge (£;—z — Fi_1) and as A;_;
decreases the curve moves in the opposite direction to the
edge (P, — P,_q)foralli = 2,3, ...,n 4+ 1. As the
shape parameter )\; ; = )\; the curve moves in the
direction of or the opposite direction to the control point
P,_4, when \;_; (= ;) increases or decreases for all
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1=2.3,....,n+ 1. Table 1 shows some computed
examples with different values of shape parameters ;.
These curves are generated by setting A=(1.8, 1.8, 1.8, 1.8,
1.8, 1.8, 1.8, 1.8, 1.8, 1.8, 1.8) in (a), A=(-1.5, -0.2, -1.8,
1.8,-1.5,-1,-15,18,-1.8,-0.2, -1.5) in (b), A=(0, 0, 0, 0,
-1.8,0,-1.8,0,0,0,0) in (c), A=(1.8,1.8,-14,-1.8,1, 1.5,
1,-1.8,-1.4,1.8,1.8)in (d), \=(-1,-1.4,18,1.8, 0, -1.5, 0,
1.8, 1.8, -1.4, -1) in (e), A=(1.8, 18 0.5, -1.5, 1.5, -1.5, -
1.5,-15,05, 18, 1.8)in (), A=(1,1.2, 1, -1.3,-1.5, 1.8, -
1.5,-1.3,1,1.2, 1)in (g), A=(-1, -1.8, -1.65, -1.5,-1.5 1.8, -
1.5, -1.5, -1.65, -1.8, -1) in (h), A=(1.8, 1.8,- 1.8, 1.8, 1.8, -
1.8, 1.8, 1.8, -1.8, 1.8, 1.8) in (i), A=(-1.8, 1.8, -1.8, -1.8,
1.8,1.8,1.8,-1.8,-1.8,1.8,-1.8)in ()).

Quadratic NUAT Bézier curve with multiple shape
parameters

Let u; < w41, 1; and u; 1 be double points (t; is a
triple point when i=2 and ;1 is a triple point when i=n),
thus we have Aw; 1 = Aw; 1 = 0, so we obtain the
Quadratic NUAT Bézier basis functions with multiple shape
parameters X,

bi—a(u) = %{(1 —sint)(1 — A_ysint) + (1 —
20}

bi(u) = ${(1— cost)(1 — A cost) + (2t)?}

bi—1(u) =1 —bi_o(u) — bj(u) , where
u € [ug, uip1] t = rgzuAut:E)

These basis functions have the following properties:

(1)ZJ iobi(u) =1, for wu € [u;,uitr),

(2) Foru € [u;, uir1),if N\ € [—2,4a],

where a = 1 +2(2)2,

thenb;(u) >0 (j=1i—2,i—1,7)

For the corresponding quadratic NUAT curve (4) in this
case, we have

T(u;) = Pi_s , T(wjv1) = D ,
(i) = 3AF0+ A1) + 1Py — Proo)
T'(wig1) = s—AF(1+ ) + 1}(P; = Picy)

We call the corresponding quadratic NUAT curve (4) as

Quadratic NUAT  Bézier curve with multiple shape
parameters.

Approximability

Control polygon provides an important tool in geometric
modeling. It is an advantage if the curve being modeled
tends to preserve the shape of its control polygon.Now we
show the relations of the quadratic NUAT curves with the
B-spline curves of degree d (d=2, 3) and the quadratic
trigonometric curves [5] corresponding to their control
polygon.

Given data points P; € R? or % (i=0, 1, 2, ....., n) and
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knots g < wyp < u2 < ... < Upys). For ue
[, 4,11 the associated B-spline curve of degree d (d=2
and 3) can be given by

Bi(s) = a;o(8)Pi—a + a1 (8)Pi—1 + ai2(s) Pi(6)
Where s=—(”_"'l)

aol(s) = of,(l —s5)?

a;i1(s) =1— a;(1 — 5)4 — pis?

aia(s) = Bis?

With a non-uniform knot vector U, it is easy to show that

Ti(u;) = Bi(u;) for i=2, 3, ... , n+1. From (4) we
obtain
T(u)—Pi—1 = bi—a(u)(Pi—a—P;—1)+b;(u)(P;—
Piy)

then taking the norm we obtain

I T(u) — Py (< (bimaluw) + bi(u))maz(|
Pioa =Py ||| Pi = Pica 1) (7)
Since b;_o(u) and b;(u) decreases as );_, and A;
increases, from (7) we know that quadratic NUAT curve
segments approach to their control polygon with the
increase of \,_; and A;.

bi—o(u) + bj(u) get its minimum value at

o uitui4l g o
u=——" (ie.t; = Z) and

T(*F5#) = Py = ${(1 = Z5)(
%}( i—2 — Pic1)+
HO- =25+ -Po) et
Aic1 =N =AVi=0,1,....n,we have
tlr(—”'**;‘"’“) — Py = 3{(V2-D(V2- )+
sllaiPi—a — (o + ;) Pie 1+ﬁf’}

For the associated Quadratic B-spline curve ( d=2 )
segment B.{s) we have

B( )_ i— 1*4[(1’Pi 2—(@ +5‘)PL 1_*_/8!13]

)+

et 1[(V2-1)WV2Z-N)+3]=1 | then
A= —0.20710. From here we know that Quadratic
NUAT curves are closer to the control polygons than the
Quadratic B-spline curves when X > —0.20710 .
Similarly we can show that Quadratic NUAT curves are
closer to the control polygons than the - (i) cubic B-spline
curves (d=3) when A > 1.4142 and (i) Quadratic
trigonometric curves of [5] when A > 1.7927

The Quadratic NUAT Surfaces

Given control points 7%; (i=0,1,2,....,m; j=0,1,2,....,n) and

the knot vectors U = (ug, 41, U2,y «eees tnt3) and

V = (vg,v1, U2, ..eny Unt3), Using the tensor product

method, we can construct quadratic NUAT surface

T(uv) = S0y Yo bilAsi )b (Ao, v) Py
m,n > 2. U G[ug._ Um+1L0 €[V, vy11]
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where b;(A1;,u) and b;(Ao ;. v) are the quadratic
NUAT basis functions with multiple shape parameters ;
and Az ; respectively. Obviously these surfaces have
properties similar to the corresponding quadratic NUAT
curves. This surface is C'' continuous. In addition, since
the surfaces have multiple shape parameters, the shape of
the surfaces can be adjusted from two direction ( in each
direction using multiple shape parameters), so they can
more conveniently be used in the outline design.
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Table 1- Some computed examples with different values of shape parameters A;
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