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Abstract- This manuscript describes a combined SIS-SIRS model with migration for the spread of AIDS
caused in co- infection involving TB and HIV is proposed. In modeling the problem, it is assumed that an HIV
infected individual’s interacts with TB infected persons the former to have HIV & TB. It is assumed further
that a fraction of this HIV class becomes AIDS patients. It is also considered that a certain fraction of TB
class form a reservoir class, a part of which may recover and becomes susceptible again. The model is
analysed by using stability theory of differential equation. It is shown that AIDS epidemic spread faster due

to co- infection of HIV with TB.

Introduction

From the first model it contains a new class of
patients who were suffering from both T.B.
&AIDS. So it has different calculations are
included. The increasing incidence of various
infectious diseases such as gonorrhea, T.B., HIV,
AIDS, etc. is causing major public health
problems in the most developed and developing
countries [1]. In general the spread of such
diseases in human population depends upon
various factors such as the numbers of infectives,
susceptible, modes of transmission (social,
ecological, and geographical conditions) [2]. An
account of modeling and study of epidemic
diseases can be found in lectures notes by [3]and
books by [4]Many infectious diseases are spread
by direct contact between susceptible and
infectives, while some others are spread
indirectly by carriers bacteria or vectors
[5]Tuberculosis (TB) is an infectious disease
caused by a bacteria called Mycobacterium
tuberculosis and  affects lung and other parts
of the body. In developing countries
pulmonary tuberculosis (i.e., T.B.) in the lung
accounts more than seventy percent of cases
in the world. T.B., which had been controlled
to a significant extent earlier, has re-emerged
in recent years as one of the leading causes
of death. Nearly three million people die every
years due to T.B. Any one can become
infected with T. B. bacteria but people with
H.LLV. are at greater risk of getting infected
with this disease. T.B. is transmitted mainly by
droplet nuclei when the person suffering from
active T.B. breathes, sneezes or coughs in
the air [6] AIDS , the acquired immuno-
deficiency syndrome is a fatal disease caused by
a retrovirus known as the human immuno
deficiency virus (HIV) which although attacks
many blood cells it causes havoc on the T-
cell in the blood by destroying and
decreasing their number leading to decline in
body’s immunity to fight infection . The term
AIDS refers to only the last stage of the HIV
infection after which death occurs . The AIDS
epidemic is sweeping the world both
developed and developing nations as HIV

has infected millions of people all over the world
without any restriction of nationality, color,
caste or religion, etc. HIV infection in adults
(75-80"%) has been transmitted to one partner
through unprotected sexual inter course when
the other partner is infected with HIV . Mother
to child transmission (vertical infection
accounts more than 90"% of global infection
to infants and children . Apart from these ,
other possible source of infection are blood
transfusion, intravenous drug addiction etc. In
general sexually transmitted disease(STD)
such as gonorrhea induce little or no acquired
immunity upon recovery but in case of HIV
immunity  decreases [4]. The transmission
dynamics of HIV infection is affected by
various factors such as latent period , the
number of infected/infectious person in the
population, having AIDS , type of sexual
activity , type of mixing (homogeneous or
heterogeneous, various high risk groups , etc.
It is noted that in case of HIV infected persons
immunity decreases and they can early infected
by other diseases such as TB forming a class
HIV co infected with TB. Some efforts have been
to understand the transmission of co infection of
HIV with TB infections .mathematical models,
taking into account fixed values for the
transmission coefficients, these models dealt with
the dynamic simulations and the equilibrium point
analysis. However, if the equilibrium point
analyzes could be achieved for all finite the
transmission coefficients, then it would provides
us different scenarios of the interaction between
HIV and TB infections. In this paper a model for
the transmission of co infection HIV with TB
infections and examine some of the
epidemiological implications.

A combined sis-sirs model with constant
immigration

In this section a combined SIS-SIRS model with
constant immigration of human population is
proposed and analyzed. In proposing the model,
the following assumptions are made.

(1).All HIV infected individuals are considered
susceptible to TB infection and, at the same
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manner, all TB infected individuals are
considered susceptible to HIV.

(2).Due to loss of immunity HIV infected persons
get infected with TB after interaction.

(3).There is a separate class of Pearson infected
both with HIV and TB. The HIV class also
includes persons having co infection. Based on
the above assumptions we propose a
mathematical model to assess the spread of co
infection HIV with TB infections .It is assumed
that the population density N(t) is divided into five
classes , the susceptible density X(t),the density

of population infected only with TB(YT),the

density of population infected with HIV(Y H)a

fraction of which may be also infected with TB
,the density of AIDS cIass(Y“) and the density of

co infected class. The models is proposed as
follows,

X _, (Br+BY)X

—-dX+vY,

dt

Y Y. X Y'Y
dT:ﬁlT _ﬁ?)TH_dYT_VIYT
dt N

dl N N
dy, BYY, BYY,

thH N 47_dYTH —H Yy

dy
: = MYy + 1Yy, —dY, - 0¥,

N=X+Y, +Y, +Y, +Y,

Where
o)
AN _ p_an - ay,
dt

in this model 'B 1 and 'B 2 are the contact-rates
by which susceptible decrease following contact

with persons having of TB and AIDS and By B,
be the co-infection constant . The clinical AIDS

developed at the rate p per year. Vi is the
recovery rate at which TB infectives becomes
susceptible again ,d is the natural death rate ,a

be death rate due to AIDS. My be the rate at
which co infected class becomes AIDS
susceptible.

3. EQUILIBRIUM ANALYSIS

To analyze the model, we consider the following
reduced system. Since

N=X+Y, +Y, +Y, +Y,

dY ﬁY(N— u m Y) ﬁx T'H (d+V)Y
dr N
d);l ﬁY”(N— T

dt N

III Y) ﬁ41u (d+ﬂ)yu

dlI” ﬁ?[(/ll ﬁil H d)l/” Myl”

dy
7; =M, + Y, —(d+a),
dN

= A-dN-a¥,
dt (2)

The results of the equilibrium analysis are given
in the following theorems;

THEOREM-There exists following four equilibria
of the model discussed before.

E, = [o,o,o,o,éj
(i) d

E, =(v,,00,0,N)

(ii) Which exists if

pd+v,
= AB -d-v) - A
7
where 1
iy £ =07, 7.08)  pich et
Byd+u
P = Al@+d)(p, —d—u)
" ou(B, —d-u)+ Byd(@+d+ u)
v = AuB, —d — )
(B, —d—u)+ Byd(a+d+ )
A= Bod(ax+d+ p)
where (B, —d - )+ Brd(a+d+ p)

(iv)The general case

* *
N . .
( TH Yo ) is discussed
below as foIIows;
ye = G4 —a,b, v = ba,—a,b,
T — > -

H
a,a, —a,a, a,a, —a,d,

Where the constants are given by

=BG ABdd+a Ahd
Ad+p—Bd+v) o Ad+p-Bd+W)] dBd+H—Ad+n)]

a=—h-B, 4 BBB-d-v) dppBd+a) BB
: ’ o [Bd+p-Bd+v)] oyl fd+a)-B,d+v)] dBd+u-PBd+v)]

R - BB B—d-p) B.B:Bdd+a) dp.B. B,
TR - Bad vl ap Bud + ) - Boald vl alfid + p) - Bad + vl

o BBBdp B, 3B,
B w-dr) T amlB s mpd el @B w- Bl
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ApB, i+ d+ a] b, _ApB, [1+d+0(]

a #, a p

b, =

it will be +ive if
b|a4(a2b2,a|a4>a2ag,a|b2>agb|,a2>0,a4>0i e

A

—=(d+v,)=(d+w)0

A “

BAB,—d-p) BAd+a)B,—d—p) 0

Brmd=v=" g, dp,d +a+p

(FOR PROOF SEE APPENDIX—A)

4 STABILITY ANALYSIS
Now we study the local stability of equilibria
Ey.E\.E, and E, and the non-linear

stability of non trivial equilibrium E3. The results
are stated in the form of the following theorems.
THEOREM - 1

The equilibrium Ey.E. E, is unstable
provided the following conditions are satisfied.

(i)ﬂ1>d+V1, ,52>d+/1

p.(d+v))
(ﬂ —d-v) ﬁ|A(ﬂz -d-u) ﬁxA(d +a)(ﬂz -d-u)
(iii) ' dp, dp,(d+a+p)

—(d+u) )0

)0

(FOR PROOF SEE APPENDIX -B)
THEOREM -2

The equilibrium =3 = (> Y- Ye s 20N )

locally asymptotically stable provided that
following condltlons are satlsfled

. 51(151+,53)4+ (B, =By H]< M
(i) N 4N"
. N (d+a)
e Y, ( ———
(i) 4
* 2
abYy _ cc,(0+d)BY,
* eV, |« -
N
(iii)
oY, (B —d-v,—v,)( GANd
(iv) 4
SO cedsop,
N 4N
(v)
x c (d+6’)N*
c,B,Yy, Rt A A
(vi) 4
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. cdB,N°
oYy (162 —-d _/‘)2< %
(vii)
iy €3¢470
e’ <c3(d + )
(i 4
x) €4Cs >0

[FOR PROOF SEE APPENDIX -C ]

THEOREM-3
The equilibrium 3= Yy Yo, 20N )

a non linear stable provided the following
conditions are satisfied
ﬂngzml

(l)(ﬂl +ﬂ3 +ﬂ2m 183 )
(1827:11 _ﬂm2J2< :Blmz(d+a)
(ii)

AN®
(4, + B, PN
(ii) 4
2
[_’21 +V2m4J < m4ﬁ1(d~k+ 6)
(iv) 4N
ﬂz | ’ mm,(d+a)p,
) ( :umzj ( AN
dm
(4ﬁ2 ﬁ:& ) * < 3ﬁ2
(vi) 4
j m4 (d+ 9),82
4
VII
m30{2< m,d(d + )
(viii) 4

(ix) M2MMas MM, 0
to prove the above theorem we need the
following leema, the region of attraction is given
by the following set.

oy, <ABzdvimv) oy AP AW ooy B dp
dapg, dag, dp,(d +a)
()SZSM, ()SNSé
dp,(d+6) d

[FOR PROOF SEE APPENDIX-D]

A PARTICULAR CASE

SIS MODEL WITH CONSTANT IMMIGRATION
If in the model if we put V= 0
sis model .

, =0 it becomes
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X (BY +ﬁ2Y )X

=A- L —dX +v)Y,
dt
ay, _BY,X /)’3YY .
dt N N
dYH IBZYHX IB3YTYH
= + -dY, —uY,
dr N N n~Hlu
dY
L=uY, —dY —oY,
where
N=X+Y,+Y, +Y,
SO
d—N:A—dN—aYa
dt

all the symbols have their same meaning as in
the previous model.

EQUILIBRIUM ANALYSIS
In this case there exists four equilibria of the
model.

E, = [o,o,o,,éj
1; d

».E = (¥,,00,,N)
Bd+v,

where
Y. = A(,Bl _d_Vl)
P
dp,

which exists if

nN=A4
d

3;E2 = (O’YH’Ya’N) , Which exists if
B.yd+u
where

_ Al@+d)(f, —d - 1)
"o, —d -+ Bd(a+d+p)

- A/u(ﬁz_d_,u)
CauB, —d-w+ pdla+d+p)
5= Bod(a+d +p)
ou(f, —d— )+ Bd(a+d+ i)
( Y“ N, This is defined in
three parts

(a) E30( 70> Yho> aO’N) Where

« _ba,—a,b, . b, . b, «_A_a  ub
R N Ny =222

o aa, "o a, “ a,(a+d) T4 q a,(a+d)
it exists only when

Bd+p

[(ﬁl(d+,u)—ﬁ2(d+vl)}(l+ A )—ﬁ;(ﬁz—d—u)w}
a+d

By (7Y, YouN,) Where

v _ ab, —a,b, v _ab,+ab, ;1Y
" aa,vaa,” " aa, vaa,” Y. Td+a
. A auy, - . . . . o
P A_BYn oy rists providedthe following conditions are satisfied.
d dd+a)

[B,(d+u)-B,(d+Vv))] (I+L)7/i.(/i —d - )0

au
£ +a+d +

} ~B.B=d =1~ pd + @, )0

BB,
(o)
© Enl¥.Y,, .Y, 2. N;) (THEGENERALCASE)
Where

s _ab —a,b, v = a,b, —a,b, v’ =,uY,;2

Y,

T2 — s Lgo— * Ta2 d
a,a, —a,a; a,a, —a,a, ta
. Y
N, = A_ oYy, , it exists provided that
d dd+a)

a,b,) a,b, , and a,b,)ab, ,i.e.

LB.(d + )= B, (d +v) (142
d+
Bud , BB —d=v,-v)

)= By (By—d =) )0
o

—(d+u) )0 ,
5 5 o
where
au(f —d-v,) ﬂ\ﬂ _
=p.a _W +B+ +ﬂxv =B -5
_wbmd-p 5, ﬂﬂ b= A(ﬂ\ d=v) , _AB,-d-p
¢ d(d +a) +a’ ! d . d

(FOR PROOF SEE APPENDIX—A)
STABILITY ANALYSIS
now we study the local stability of equilibria

Ey.E\.E, and E, and the non-linear

stability of non trivial equilibrium E3. The results
are stated in the form of the following theorems.
THEOREM - 1;

The equilibrium E,.E.E, is unstable provided
the following conditions are satisfied.

(i) ﬁl>d+vl ’ ﬁ2>d+;u
ﬂzd 133 (ﬂl_d_vl)
+ —(d+mp) )0
B By

[Bid+w- B, (d+v)I1+ 4

Ky BB, —d—u))0
(i) e PB )

(FOR PROOF SEE APPENDIX -B)
THEOREM -2
The equilibrium Ey =7, Yy, Y, N )is

locally asymptotically stable provided that
following condltlons are satlsfled

(B + B —+c (B =B H]< dec,B Y Yy
(i) N
., 4c,N'(d+a)
e Y, ( ————
(ii) 9
4e, BN d
Y (B —d -y ) PN d
(iii) 9
By . ¢ Aesd+aBy,
(iv) Ty el ON’
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. 4¢,dB,N”
¢, Yy (132 _d_,u)2< %
(v)
c4a2 ( 4c,(d + o)
(vi) 9

[FOR PROOF SEE APPENDIX-C]
THEOREM-3

The equilibrium s =Y Yo N D
non linearly stable provided the following
conditions are satisfied

Vo 4B,B,m,

@) (:B1 +:B3 +ﬂ2m :Bs 9
4m,(d +a)N"

ﬁ1< 2( )
(i 9

(35, + 5, HAmPN_
(i) 9

( ﬂz | +um j ( 4m1m2(d+a)ﬂ2

(iv)

N° 9N”

(Bym, + B,m, + Bym, )2<M
(v) 9

m30{2< 4m,d(d + @)
(vi) 9

To prove the above theorem we need the
following lemma.
The region of attraction is

o<y, AR~V L0s¥, LAB—d-p 0<y“<;A((/i ~df) oyt
a5 b, dB,(d+a d

[FOR PROOF SEE APPENDIX-D]

Conclusion

In this paper, a non linear model is proposed and
analyzed to study the co- infection of TB and
AIDS. It is shown that the spread of AIDS
increases due to co-infection of TB and AIDS and
the disease becomes endemic. It is also found
that due to migration of HIV infection the spread
of AIDS increases further.

APPENDIX-A

The given model is

dX _ (B +BiYX
N

i -dX+vY, +60Z (Al)

Y, _BY,X _BY.Y,

d N oy Wrovlivli(A)
av, _pY,X BYY,

-dy, Y,
o N N YT
dy

“=uy, —-dY —-ay
dl' ﬂH a a (A4)
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dz
—=v,Y,—dZ-6Z
7 v,Y, —dZ -6 (A)

Whee N = X AV +Y, +Y, +2Z

SO
dN

—=A- Y,
7 dN — o “ (A)

The reduced system is given below,
dY, _BY(N-Y,-Y,-Y,~Z) ﬂyy

ar N —(d+V, AV | (4)
d:, Lw ﬂy—y—ww)y e [4)
;aﬂz ~(d+a, (A)
dz
e ()
dN
oA (4,

A

E() (O’O’O,O, _)

EXISTENCE OF d

It is obvious from the model (A7
Y, =Y, =Y, = 0

we can find if

A
N=Z

So d
This is disease free equilibrium.

exisTence oF E1(¥7,0.0,Z,N)

Y =0 Y, #0

Since Y, =0 = ¥, and
From

(A, )we get N==, From

<&\:>

YT
0+d
(A7 )we get

(Alo ). we get Z=

from

ﬁlYT(IV—fT—Z) (d+v,+v,)l,N=0
Since YT #0

So on solving, we get
g - AB=d=vizvy) 5 vty
dpyv d+6

¢ Pod+v,+v,

EXISTENCE OF E (O Yy.Y, 0.N)
=0=>Z= OAndY Y #0
A, LA

Which exists i

Smce

So ,on solving A 11 We get,
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B Ala+d)B,—d—p) APPENDIX-B
=
ou(f, —d - )+ pd(a+d+ pu) . A, A
A(B, —d 1) Using the model ( 7 11) The
Y, = P # general jacobian matrix can be written as follows;
0(,u(/3’2 —d-m+ ﬂzd((l+ d+u) my, my my; my mys
N= Bd(a+d+p) ny, My M3 My Mys
(B, —d — )+ Bd(a+d+ u) , M= 0 7 —(a+d) 0 0
. L d+u Vv, 0 0 —(@+d) 0
Which exists if '62>
E, =Y .Y,,Y . Z' N e
EXISTENCE OF 3 ~ V7> TH>ta> & > where
. WYy . wy, _BW-Y, Y, _Y(‘_Z)_&_&_d_v —v
From(A, ) we getY, = dia’ from (A",) We get Z = zl_+79 nmy = N N N 1 2
Fr()m(A”) N':é— oYy _ﬂlYT ﬂ3YT __ﬂlYT __ﬂlYT
d dd+a) my, = - s My3 = My =
N N N N
A, and Ag; Becomes
So
ﬁwﬁx{i"/“ﬁﬂ"“‘%hﬁﬂﬁq}fkf‘ﬁﬂ"“‘@ ,,,,,,,,,,,,, (4) m. = pY, _BY,(N-Y, -Y, -V, _Z)+ BY:Yy
dd+a) d+a d 15 N Nz Nz
Vg e[ g M| M) @) Y. —Y,-Y —
ot J B B LD B B
_ _ouB—d-v,~v,) P _
a‘—Vﬂuﬂz—W‘*ﬂﬁm‘*ﬂ:vﬂz—ﬂzV—ﬂ: _ ﬁ Y _ ﬁ Y
_apod gy wh ABdviov) A dp) m,, = ——2"H =27 H
T ddra) e d " d 23 N ’ 24 N
v,
v=le—"o ” :ﬂZYH _ﬂZYH(N—YT—YH—Yd—Z)_
. A, And A,; Becomes ?N N’ -
aIY; +alY,; =b, ,a;Y; +a4Y;, =b, (A“) IB3YT YH
now here arise the three cases — N2
(1;if @ =0=>Av=P, sotheequilibmivk (¥ Y0¥, 2. N;) PROOF OF THEOREM-1 stability of
SO A
YTfl) _ ba, —a,b, i Y;o :b72’ Y(;o _ b, EO (0,0,0,0, E)
a,a, a, a,(a+d)
75— v,(ba, —a,b,) N _éig Hb, . ) 3 E . )
o= aa, T daatd) The jacobian matrix for 0 is given by
. —d-v,-v, 0 0 0 0
it exists only when h S bdeu 0 o o
Prd+u M(E,) = 0 _ u —d+a) 0 0
[{vﬁ.(dw—ﬁ:(dw. N E) B —d ) >0} v, 0 0 —@d+8) 0
(2)if <0so The Equilibrium b)E,, (¥;,.Y,,.Y,,.Z ,N])  Where 0 0 - 0 —-d
. _ab —ab, . _ab +ab, A .
"= aa, +a,a, Y= a,a, +a,a, A Td+6 the elgen Va|UeS are
._ A auy, o . . . L
N, 7;_d(d+0:) , it exists providedthe following conditions are satisfied. ﬁl — d — V 1 — V ) ﬁz _d _ﬂ
WAL+ )= Bold +v, +v )N+ =2 = (B, —d — )0 ’ ’
—(d+a) —(d+6)
vﬁ,ﬁ{%mwufa} BB =d =) i+ ), )0 ’ ~d
.y . since ﬂ1>d+vl+v2 ’ ﬂ2>d+/u SO
@ it %3 > 0 soThe Equilibrium © £
E,(Y,,.Y;, .Y, .Zs.N,) (THEGENERAICASE) the equilibrium 0 is unstable.
Where . Stability for El (YT 0,0,Z,N)
- a,b, —a,b, Y = a,b, —ajb, Y _ MYy, y
T2 — s TH2 T s fa2 T
hify = Gatls 01ts = Gathy dra The jacobian matrix for E, is given as
N =V27y“, = A_ oYy, , it exists provided that by b, by, n bys
d+6 d dd+a) 0 b, 0 0 0
a,b,) a,b, ,and ab,)a.b, ,i.e. ME)=0 u -(a+d) 0 0
WB.(d + 1)~ B, (d +v, +v) )+ 2y = BB, —d— ) )0 v, 00 -+ 0
d+a 0 0 -« 0 —-d
M+ﬁz(ﬁl_d_vl_vz)_(d+ﬂ)v>0 ) where
B B Bi=AB-d—) b=V Bl i) b=~ —)

(51 _d_Vl _Vz)dz
By

bs =
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b22 ﬁZ d+ﬁ3

B B
(ﬁ1 _d_Vl _Vz)_

v(d + )
Since eigen value are
b,.by,~(a+d)—(0+d)—-d

b,, >0 so E, is unstable

Since
stability of 12 (0’ Yy.Y,.0, N),
The jacobian for Eyls
ﬁl 0 0 0 0
b, b, b by b
M(E))=0 u —(a+d) 0 0
v, 0 0 (!9+d) 0
00 -a o 4
Where
o APy S
B od+
b __52(05+d) (d +04U+,Ud+0(d)
’ oa+d+u
oo Bmd-p) o —(Bmd-p)
Y oa+d+p T . a+d+p
b = (@+d)B,—d—p)
’ (@+d+p)

One of the eigen values is % which is >0

EZ is unstable
APPENDIX-C

Local stability of Equilibrium
E3(Y Y JYa',Z' N’ )ByLyapunomethod

The model (A7 — Ay )can be linearised by
making of following assumptions

Y, =Y, 4y, Y, =Y, +y,, Y,=Yd+y, Z=Z+z N=N +n

we get

dy,

i =My Yy My Yy My, +myZ +mysn
dy,

dt =My, Yy F My Yy F Mgy, My, 2+ mysn

d
Yo — py, —(d+a)y,

dt
dz
E =V,yr (d + 9) Z
dn _ -aY, —dn
dt

Where we use following Lyapunov function;

i.e.
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C,Cr,Cr,Cy,C )
Where "1772273>74>"5 gre to be determined.
So
' dy dy dy dz dn
V=cy,—~+c Lte Ctc,z—+csh—
gy TV g T TG TS

= Sl mztmacymy ety Ay, tmzma
+
sy, (yy —(d+a)y,)+c,z(v

1 1
=1 ey 4y, v (em, +eym )+ Lemyy? [+ L em,y? 43,y (e,
4 7 4

(0+d) ) +c5n(—ay” —dn)

( (d+a)vf}

+ (m\+\ 2leymy,+cv, 1((d+3 ltm\+\n(m luzln1
4 e 4
+ 1( MY h + Vi Y (o + picy ),,‘( d+a)y? |+ | L e, Vi Yuta ”)7lz"(d+6'):1
4 4 Tl Ty
1 1 . 1 2
+|=e,my v + yynle,m,. 77( dn* | +|——c,(d+ @)y} —0-—c,(d +6)z
4 4 ‘ 4
2 1 2 [
oL J(d+a)y? +y,n(-c. a)f—zgdn' +|——c,(d+6)z* +0——c.dn’
4 . 4 4 4
for theequilibriun E,[v," ¥, .Ya".Z'\N")
-BY; ¥, -BY; Y,
= f",’.mu:(fﬂ‘fﬂ,)[\’—’,.m - /’ =mams =(f ~d v, v
v, /xy
my, = (=B + B~ my, = my, = m,, Lmy = d-
=5, ﬂ)N 22 = 1y N =((5.- ;4))

since all the coefficierts ofsqure terms are negative soV WILL be negative definite provided the following

conditions are satisfied.

Y; Y; 2 CICZﬂlﬂZY;Ylj
(i)[cl(ﬂl +ﬂ3)F+52(ﬂz _ﬂz)F] ( T
\ N'({d+a
aBY; L)
(i 4
(Clﬂly; v j2< C1C4(9+d)ﬂ1y;
* 472 *
(iii) N
ClYT*(ﬂl -d-v, _V2)2 ( M
(iv) 4
A _ :, Gd+a)BY,
(V) [T Hes]™ | AN
. d+6)N"
e By (drON
(vi) 4
oy oy csdB,N"
(VII) Yy (:Bz d /l) ( 74
(i) €3¢470
d+a
C5a2 < C3( )
(ix) 4
(x) €4Cs >0
APPENDIX-D

(NON LINEAR STABILITY)
PROOF OF THE LEEMA

From model (A7 ""A9) we can obtain as

follows;

dN

—=A-dN-a¥, <p—aNn>n<2
dt d

dy_Ay\N-Y-Y, Y -2 @éy

i N —d+y )y

Copyright © 2009, Bioinfo Publications, International Journal of Systems Biology, Volume 1, Issue 2, 2009 26



Designing of a novel mathematical model for the analysis of aids transmission caused by co- infection of HIV with TB

7
S(ﬁ1_d_V1_V2)T N
A(ﬂl_d_vl_vz)
dp,
YHS(ﬁz_d_,u)A
Bd and

=Y, <

similarly

dy,
<= uy, -dy, -ay
dt /l H a a

(B, —d - wAu
B,d(d + )

=Y <

dz
E—VZYT_dZ_QZ 7 <
A(,B1 _d_V1 -V, )Vz

dp,(d +0)

so the region of attraction is

YT SA(,B1_d_V1_V2)
0< ag,
YHS('BZ_d_'u)A
0< bd ,
y < Bo—d-wAu
0< ‘ B,d(d + o)
A(,B1 —d-v,-V, )Vz
dp,(d +9)

OSNSé
d

PROOF OF THE THEOREM
In this case we use the following Lyapunov

0< Z<

function;

W :(yl -y -y 10p%]+m‘()/“ — ¥, =¥, 1o,
on differentitting and substitutiig

n (d +a)y,

(y,,—y,,"( Lo j (v, -y v - w){ﬁ

mY, +(Y, +Y, +Z)ﬁ L= Bum, y} L ,(N—N’)l}
4

Ly, -y, 1["7’ j + (v, — v kZ-2)¢ ﬁ )~ (U402 Z'\l}
my(d+ay, -y, f +(r,-v v - A/X— —%4 V- w)}

myd+ ey, -v, | +0—— 1 (d+6)Z~-2') }r[—%u w (V=N ) +(»——%m,(~—~’)1}

Y, Y, Y, Z
CONsDER N N 'N'N
0

Wis negative definite if the
conditions are satisfied ;

following

() (,Bl +,B3 +182m1 :B3m1) ﬂlﬂzml

5y | Btz
(i) N

4N"
(4B, + B, ( LmBN_

(ii) 4
(_[j‘ +v2m4j ( mif.(d+6)
i) \

4N’
( ﬂz 1+,U J <m1m2(d+0{)ﬂ2
(v)

4N"

(vi) “p-A) o <dm3’8 :

(182 m, J ( m4(d +0)5,
(vii)

4

m,d(d+«a
m3a2< 2 ( )
(viii) 4
(ix) M2MMas MMM, 0
FOR SIS MODEL,;
APPENDIX-A1

The given model is

ax _,_ (BY + V)X X (A

dt

dYT :ﬁIYTX_ﬁ?)YTYH _dYT_VY
dt N N

(A,)

dv, _ pY,X  pLY,

dr N N M (A
dy,

=uY, —-dY —aoY
dl' ﬂH a a (A4)

Where V= X +Y, 47, +Y,

SO

dN
—=A- Y,
2 dN — o “(A)

the reduced system is given below,

Y, _pY,(N=Y, =Y, ~Y,-2) ﬁyy

—(d+V)Y;..
Tar N @y
dY, Y, (N-Y,-Y,-2) ﬁYY
e d+ )Y .
@t N Py e
d—yfuy —(d+ay, (a,)
AN yan- oy, (4,)....

dt

E,(000,2)
EXISTENCE OF d

International Journal of Systems Biology, ISSN: 0975-2900, Volume 1, Issue 2, 2009

27



Raghaw Shukla and Vivek Kumar

Agovovninn A A, And A,, Becomes
It is obvious from the model ( 9 ) we o 12 13
Y= YH =Y =0 aY, +@ Y= @Y +AY; by (4)
can find if “ now here arise the three cases —
A ( ) if @3 =0= B, =f; so the equilibrium Ey(Yry, Yo, Yoo s No)
N=—
o)
So d ba, —a,b b b
This is diease free equilibrium. Yrp == 4{,&" S = o e = e
_ _ z zvz(b1a4—a2bz) N zé_g b,
0 ’ 0
EXISTENCE OFEI ¥ 0.0.N) it exists grﬁ;/ when ¢ el
Since Y =0 = ¥, =0 and 17 #0 Byd+u
_ o _d—
(Wve ger N _A [{ﬁ.(dw) B v )Nty . (p, ﬂ))o}
From d - o o
(2)if a, <0so The Equilibrium E;, (Y}, ,Y,, .Y, ,N, ), Where
from (A6 )we get v, =showh . abtab
ﬁl YT ( N — YT )_ (d +v, )YT N =0 N :37;2’ i”[;) . it exists provided the following conditions are satisfied.
17 £0 |/3,<d+m—/31u+v,>m+i>—ﬁ;(ﬁl—d—u»o
Since
So on solving , we get ool Shravis o] a6 -d- S a0
- AP, -d-v,-v,) — A
Y, = 1 1 2. =2 11 .
J . a, >0soThe Equilibrium
apy d 3) it D q ©
EV(Y,H 2 Yo ,N ) ,(THEGENERALCASE)
Where
ab —ab, . ab,—apb, . u¥,,
YT’_ — Iy = VY, =
Which exists it 2104 TV Gy e, g, dta
EO? YAN A ouYy, oo y
EXlSTENCE OF 2( st H s a0 ) N, = 4 ddra) , it exists provided that
> 7 7 ab,y ab, , and ab,yab, ,ie.
Y, =0And Y,,Y, #0 b andabiah e
Since i+ =B, (@ +v) N+ —E—) = Bi(B, = d = 40) )0
A LA LA Bod  fy(Bi-d-v)
So,onsolving © 7 7 78 *79 We get, Bt @m0
;o Ala+d)(f, —d - )
" (B —d -+ Bod(@+d + ) APPENDIX-B1
5 _ Au(B, —d - p)
" (B, —d )+ fod(@+d + ) . (Agvoeann. A,)
. Bod(a+d+ ) Using the model * o The
TauB,—d-p+fud@+d+ 1) Which exists if general jacobian matrix can be written as follows;
my, my M3 My
ﬁ2> d + l[l my, m,, my, my,
M= 0 H —(a+d) 0
Y* N*
EXISTENCE OF ( ’Ta’ ) 0 0 - -d
From where
Y u
(Ay), weget Y, 'Z o L _BWN-Y,-Y,-Y) BY, BY, .
11 N N N 1
. A ouy, _
From (A) N _a_ oty m :ﬂIYT _ﬂ3YT - BY;
d dd+a) 12 N N B N
5o A and A; Becomes
i —d—v) ﬁ AB=d-v) m _ﬂlYT_ﬁlYT(N_YT_YH_Ya)+ﬂ3YTYH
o Vi ¥ Vv, 14 = 2 2
ﬁYﬁY{ ddra +B+ +ﬁ(} PR (A,) N N N
Ay o 1B | _AB~dp) v v _v _
v ﬁm{ gy M} S Y Bl By BNG NN BN B
where
a=pa BP0, .. = —p.Yy
R R b, ht ? N
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BYY,
A A
o y: N
PROOF OF THEOREM-1; stability  of

A
E() (O’O’O’ E)

The jacobian matrix for E, is given by

Bi—d-v,-v, 0 0 0
0 By, —d-u 0 0
M(E,)= 0 i -d+a) 0
0 0 -a —d
the eigen values are
A—d—vh@—d—u;{d+ax
—(d+6)

since [31> 61 +-l,1 ’ [il>‘1 +-/‘ SO

the equilibrium 0 is unstable.

Stability for E (Y;,0,0,N)

The jacobian matrix for E, is given as

bll blZ bl] bH
0 b, 0 0
M(E)=0 u —(a+d) 0

0 0 -a -d
where
by, :_(ﬁl _d_vl) \byy :_(ﬁl +ﬁz)(ﬁ| _d_vl)’ by =~ —d-v))

(ﬁl_d_vl)dZ

b14 =5

By
B, ;. B
by =—d+—
161 +131 (ﬁl_d_vl)_(d—i_ﬂ)

Since eigen value are
b,,.,b,,~(a+d)—~(6+d)—d

b,, >0 so E, is unstable

Since
aaﬁwoszbﬂ%»ﬂ,Nl
E,is

The jacobian for

Where

o ey BN =)

L (d +v,).b, =
a+d+u :

a+d+p

BB, la+d)B,—d-p)
B

5 __,Bz(a+d)+(d2+ap+pd+ad)
P a+d+u ’
b — _(132 _d_:ll)
P a+d+u

b= d=H) o wrarp-a-p)

oa+d+u o (a+d+p)

One of the eigen values is % which is >0 i.e.

E2 is unstable

APPENDIX-C1
Local stability of
E, (YTX Y, Ya' N’ )By Lyapunovmethod,

Equilibrium

A — A L

The model ( 6 9)can be linearised by
making of following assumptions

Y, =Y, +y, Y, =Y, +y,, Y, =Ya'+y,N=N +n

we get
dy,

dt

ay,

dt

dy,
dt

dn =-aY, —dn
dt

Where we use following Lyapunov function ;
R TS R P T
2 2 2 2

=my yr +Mmp Yy £mpy, +mgn

=My yp tMy Yy +Myy, +myn

:ﬂyH _(d+a)ya

C,,C,,Cy,C .
Where 17727374 gre to be determined.
So
: dy dy dy, dn
VZC})’TTZ"'CZ}’HT:*’%}’“ dr +C4"Z

= Gl Yy sy, F )+ Gy (i ., )
+

ey, (W, —(d+a)y,)+cn(-ay, —dn)
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1
=

2 1 2 1 2 1 2
amyyr + Vr¥n (Ul"'u)*EUz’"zz.“h}{zcl’"n.“{ + VY. (C.m.;)’zﬂ;(d +d).\‘5}

+
—
wl—

2 1 2
i+ onlem, )~ e’ |

+

+
—

Vi + Vuda(emyy +m;)750;(d + a),\‘f}

c,m

wim

unleams, )*éc,dnz}

+ —EL;(d+a)yj + y»n(—c,a)—éc,dnz}

for theequilibriun E, (v, ¥, ,Ya ,N")
=B 2y =B (-0 v ) 2
BB = =B (- )

0
since all thecoefficierts ofsqure terms are negative soV WILLbe negative definite provided the following

conditions are satisfied.

[Cl(ﬁ1+,53) Y7 +c,(ﬁ - B H]< %
(i) oN
By, 3—
(if) 9
¥ (B —d -y, ( 2PN
(iii) 9
.8y ., de,e(d+a) By,
[ Ha] ( —————+
vy N 9N
¥ (B, —d - ( 2adPN
(v) 9
4edd+a
c, o’ (M
(vi) 9

APPENDIX-D1
(NON LINEAR STABILITY)
PROOF OF THE LEEMA

A ....A .
From model ( 6 9) we can obtain as
follows;

dN

——=A-dN-0¥,<a-gn=N<2

dt d

ay, _BY,(N-Y, =Y, -Y) V.Y, @,

dt N

Y _IBIYT
S(ﬁl_d_vl) ! N
A(ﬁl _d_Vl)

=Y, <
dp,
YH < (132 _d_,u)A
similarly 'Bzd and
dY (132 d—,u)A,u

=uy, —dy,—ay, =Y <
y A Bod(d +a)

so the region of attraction is

Raghaw Shukla and Vivek Kumar

YHSA(ﬁ:_d_Vl_Vz)
o<’ dp,

y. <Bomd-A
o< ” B

y <Bo—d=1DAU
0< “ pdd+a)

OSNSé
d

PROOF OF THE THEOREM
In this case we use the following Lyapunov
function;

w:[y,—y,“—y;lng ] [Y —Y; -, log— ]+—(Y v f+ (N—N“)2

on differentiating and substituting the values from mod el we get;

L}f (v, -v, ) +(, —Y,")(Y,,—Y,;){M} v, -v; )[ Bm, ﬂ
J{S—I{(Y, -, f+v - ), —Y“{fﬁf”"]—lm (@d+aly, -y}

{ ﬁ(y v+ -V - )){W} Fdm ;(N—N“)E}r
(e

o - (2o b, - Bt o e (Y |

NN*
o[ Am ol -+ - )L an (v |

'y o, },lmz(wra)(x, *Y,.")E}

Y. Y

_r “H _‘1—1
consbpEN N N
0

W is negative definite if the following
conditions are satisfied ;

(@) (:61 +163 +:62m| ﬁ3ml)
4m,(d + )N~
ﬁ1< 2( )
(i 9
4dm.BN"
(35, + g, HAmPN_
(i) 9
[_ﬁZml +,um2J <M
(iv)

4,3[,321’”[

N’ 9N"
4ﬁ2mlm3dN*
9

Y Am,d(d + @)
(iv) 9

(Bym, + f,m, + fym )4
v)
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