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Abstract- A combined SIS-SIRS model with migration for the spread of AIDS caused in co- infection
involving TB and HIV is proposed in this manuscript. In mathematical modeling, the problem is assumed that
an HIV infected individual intract with TB infected person (the former to have HIV & TB). It was assumed
further that a fraction of this HIV class becomes AIDS patients. It is also considered that a certain fraction of
TB interced person form a reservoir class, a part of which may recover and becomes susceptible again. The
model is analysed by using stability theory of differential equation. It was found that AIDS epidemic spread

faster due to co- infection of HIV with T.B.

Introduction

The increasing incidence of various infectious
diseases such as gonorrhea, T.B., HIV, AIDS,
etc. increasing major public health problem in
most developed and developing countries [1] .
The transmission spread of such diseases in
human population depends upon various factors
such as the number of invectives, susceptible,
modes of transmission (social, ecological, and
geographical conditions) [1]. An account of
modeling and study of epidemic diseases was
reported earlier notes by [2] and books by [3].
Many infectious diseases are spread by direct
contact between susceptible and invectives,
while some others are spread indirectly by
carriers, bacteria or vectors [4]. Tuberculosis(TB)
is an infectious disease caused by a bacteria
called a Mycobcterium tuberculosis and affects
lung and other parts of the body. In
developing countries pulmonary tuberculosis
(i.e., T.B.) in the lung accounts more than
seventy percent of cases in the world. T.B.,
which had been controlled to a significant
extent earlier, has re-emerged in recent
years as one of the leading causes of death.
about three million people die every years
due to T.B. Any one can become infected
with T. B. bacteria but people with H.LV.
infections diseased greater risk of getting
infected with this disease. T.B. is transmitted
mainly by droplet nuclei when the person
suffering from active T.B. breathes, sneezes
or coughs in the air[5]AIDS , the acquired
immuno-deficiency syndrome is a fatal disease
caused by a retrovirus known as the human
immuno deficiency virus (HIV) which although
attacks many blood cells it causes havoc on
the T-cell in the blood by destroying and
decreasing their number leading to decline in
body’s immunity to fight infection . The term
AIDS refers to only the last stage of the HIV
infection after which death occurs . The AIDS
epidemic is sweeping the world both
developed and developing nations as HIV
has infected millions of people all over the world
without any restriction of nationality , color ,
caste or religion, etc. HIV infection in adults

(75-80"% has been transmitted to one partner
through unprotected sexual inter course when
the other partner is infected with HIV . Mother
to child transmission (vertical infection
accounts more than 90"% of global infection
to infants and children . Apart from these ,
other possible source of infection are blood
transfusion , intravenous drug addiction etc . In
general sexually transmitted disease(STD)
such as gonorrhea induce little or no acquired
immunity upon recovery but in case of HIV
immunity decreases ,[6]. The transmission
dynamics of HIV infection is affected by
various factors such as latent period , the
number of infected/infectious person in the
population , having AIDS , type of sexual
activity , type of mixing (homogeneous or
heterogeneous , various high risk groups , etc.
It is noted that in case of HIV infected persons
immunity decreases and they can early infected
by other diseases such as TB forming a class
HIV co infected with TB. Some efforts have been
taken to understand the transmission of co
infection of HIV with TB infections .mathematical
models, Taking into account fixed values for the
transmission coefficients ,these models dealt with
the dynamic simulations and the equilibrium point
analysis .However ,if the equilibrium point
analyzes could be achieved for all finite the
transmission coefficients ,then it would provides
us different scenarios of the interaction between
HIV and TB infections. In this manuscript a model
for the transmission of co infection of HIV with TB
infections and examine some of the
epidemiological implications.

A COMBINED SIS-SIRS MODEL WITH
CONSTANT IMMIGRATION

In this section a combined SIS-SIRS model with
constant immigration of human population is
proposed and analyzed. In proposing the model,
the following assumptions are made.

(1).All HIV infected individuals are considered
susceptible to TB infection and at the same
manner, all TB infected individuals are
considered susceptible to HIV.
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(2).Due to loss of immunity HIV infected persons
get infected with TB after interaction.

(3).There is no separate class of person infected
both with HIV and TB. The HIV class also
includes persons having co infection.

Based on the above assumptions we propose a
mathematical model to assess the spread of co
infection HIV with TB infections .It is assumed
that the population density N(t) is divided into five
classes , the susceptible density X(t),the density

of population infected only with TB(YT),the
Y

density of population infected with HIV(™ H )a
fraction of which may be also infected with TB

,the density of AIDS cIass(Y“) and the density of
removed class Z(t). The models is proposed as
follows,

X _, (BY+BY)X

—-dX+v\Y, +6Z
dt
dy, Y, X Y,Y,
T :ﬁl T _183 T H —dYT VY, -V,Y,
dt N N
dYH :ﬁZYHX +ﬁ3YTYH _dYH _IUYH
dt N N (1)
dy,
“=uY, -dY, —oY
dt lLl H a a
z
d—zszT—dZ—QZ
dt
Whero N = X + Y+, +Y, +Z
SO
d—NzA—dN—aYa
dt

in this model 'B 1 and 'B 2 are the contact-rates
by which susceptible decrease following contact

with persons having of TB and AIDS and B be
the co-infection constant . The clinical AIDS

developed at the rate p per year. Vi is the

recovery rate at which TB invectives becomes

susceptible again ,VZ is the rate which invectives
goes to removed class the death rate due to ,0 is
the recovery rate in removed class ,d is the
natural death rate ,a be death rate due to AIDS.

EQUILIBRIUM ANALYSIS
To analyse the model, we consider the following
reduced system. Since

N=X+Y, +Y, +Y +Z
dY_AyWN-Y-Y, -2 ByY,

A _d+v+w)Y.
dt N N i
ay, _pY,WN-Y-Y-2) BYY,
— = 4= d+uy,
dt N N A,
ay
—t= d+ay,
dr L, —d+o)Y,
iszzlg—dZ—HZ
dt
ANy an-ar
dt )

The results of the equilibrium analysis are given
in the following theorems;

THEOREM-There exists following four equilibria
of the model discussed before.

E, = [o,o,o,o,éj
(i) d

(ii)Elz(YT’O’O’Z’N ) Which exists if

Brd+v, +v,

Where

YT :A(ﬁ1_d_v1_vz),zz VY, ,N:é
dpByv d+6 d

i = 0.7,.7.0,n)
Byd+u

Where

, Which exists if

_ Ala+d)(f, —d —u)
ou(f, —d—u)+ pd(a+d+ u)
YAv — Aﬂ(ﬁz_d_,u)
Cooau(B,—d-w+ Bd(a+d+u)
B.d(a+d + p)
ou(f, —d—pu)+ pd(a+d+u)

H

N =

(iv) Ey=(7.Y,.Y,,2 N, we  consider

three cases of this non zero equilibrium as
follows;
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(a) for NE

Where

v, =ty By M
a,a, a, a,(a+d)

7 habmab) o A & b
aa,  ° d dala+d

it exists only when

Bd+u

{{vﬁ(dw—ﬂz(dm +v2>}1+id>—/§</% ~d—1 >0}
o

(b)f(’rélﬂEj(Y Y Z N) Where
_sh=ab  _abtab _wh

= aa,+a,a, aa,+aa,” " d+0

A ok,
N == A itexistprovidddefollowingnditiomsesatisfie
V= dd+e) providéfc 7 ofi

VRd+p—B(d+v+v, )}(hi) —B(B-d-)0

vﬁﬁ_[%‘de} BB i % sidrafs 0

ESY,.Y,y.Ys.Z . N,) (THEENERMS)

Where

Y. = a,b —ab, Y, alb —ah, Y = M,
'V

> fa2 T

aa, —a,a, aa, —aa, d+o

ERTA 4 A Y,
z L , N, = el , E,, existsprovidedhat
2Tar0 T d ddve)

ab) ab, ,andab,)ab ,ie.

WVA(d+1)-P,[d+V, +v2>1<1+d—i‘a>—/%(ﬂz ~d—1))0
B BB=dvi=v)

A A
where
o5 —d—v,—v,) /iﬂ

a=Vf,a= ddia +4+ +ﬂ3 a,=py-p,

_oB—d-p PR+ UB A(/i—d—vl—vz) b AB—d-p
YT dd+a) : d+a d .

v,

v=1+

d+6

(FOR PROOF SEE APPENDIX—A)

STABILITY ANALYSIS-
Now we study the local stability of equilibria

Ey.E\.E, and E, and the non-linear
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stability of non trivial equilibrium E3. The results
are stated in the form of the following theorems.

THEOREM - 1;

The equilibrium Ey.E. E, is unstable provided
the following conditions are satisfied.

(i)ﬁ1>d TV, 132>d THU
(i,i/; B, (B
zd 3( 1_d_V1_V2)
+ —(d+uyvHo
A 7 “
(i)
WA+~ B )10+ )~ B(B~d=10)0

(FOR PROOF SEE APPENDIX -B)

THEOREM -2;

The equilibrium 3= Y Y. 2N )
locally asymptotically stable provided that
following conditions are satisfied.

(i)
[cm+,@>f;+cz<ﬁz—@>f;f Clczﬁﬁg

. N {d+«a
ClﬁIYT ( #
(il 4
« 2
C1:B1YT cc, (0+ d):BIYT
N* _C4V2 < N*
(ii)
« c.BN'd
CIYT (161 _d_V1 _V2)2< SI&T
(iv)
[Czﬁz*yﬁ —pe, ¢ C2C3(d+Ci),32YH
N 4N
(v)
. c,(d+O)N’
CZﬁZYH < g
(vi) 4
x c.dB,N"
¢, Yy (162 _d_,u)2< %
(vii)
(i) €3¢470
c5a2 <c3(d+0()
(ix) 4
c,cs)0

)
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[FOR PROOF SEE APPENDIX —C

THEOREM;-3
The equilibrium 3= Y Y. 2N )

a non linear stable provided the following
conditions are satisfied
) 161:62

(l)(ﬁl + By + fym, — fim
[ﬁzml _ﬂmzj ( ﬁlmz(d"'a)
(if)

N’ 4N"
(4p,+p, ) LBN
(i) 4
( Blym j2< m,f5,(d +6)
2 *
v 4N

(v)

,62 ’ mm,(d +a)p,
(o m)
dm3:62

(4ﬁ2 ﬁ3 )
(vi

(,Bzzml J ( m4(d + 9),82
(vii)

4

ma ( m,d(d + )
(viii) 4
(ix) M2MMas MM 0

to prove the above theorem we need the
following leema,

the
region of attraction is given by the following set.

oy LA (o AR IMB)

4B = dB(d+o)
0 & i RN
dBd+9 d

[FOR PROOF SEE APPENDIX-D]
A PARTICULAR CASE
SIS MODEL WITH CONSTANT IMMIGRATION:
If in the model if we put 2 = 9, 6-0 it becomes
sis model .

aX Y. +06Y.)X
_:A_(ﬁl T ﬁZ H) —dX+V1YT

dt N

day. Y. X Y.Y

T:ﬁlT _ﬁ3TH_dYT_V1YT
dt N N

dYH — ﬁZYHX + ﬁ3YTYH

= -dY, —uY
dt N N n =~
Y
a¥, =uY, —dY, —-ay,
where
N=X+Y, +Y, +Y,
SO
d—NzA—dN—aYa
dt

all the symbols have their same meaning as in
the previous model.

EQUILIBRIUM ANALYSIS;
In this case there exists four equilibria of the
model.

E, = [0,0,0,,éj
1; d

E, =(7,,0,0,,N)

2; which exists if
Bord+v,
where
A — —_
y SAB=d-v) A
dp, d
3: E,= (O’ Y,.Y, ’N) . Which exists if
B.yd+u
where

Ala+d)(B,—d—p)

" (B, —d— )+ frd(a+d + )
V= Ap(f, —d — 1)
CooauB,—d-w+ pd(a+d+ )
5o B.d(a+d+
ou(f, —d -+ fda+d+
, =YY YN i s defined in
threepartS'

(@) E30( 702 Y 10> aO’N) Where
b:l%%—%bz %:ﬁf—ﬂ’z N*Aa/bz

aa, a, aoed)” " d dafod
it exists only when
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Bd+u

_ M\ pep_a_
[{ﬁ(dﬂl) /)L(d+vl)}1+@) BB —d ﬂ))O}

(b)
E .Y Y, N) Where

Y‘:A—”zbz Y*:qbz"'”s@ Y= ly
" aa+aa” " aataa’ dia
N

d dd+a)

[ﬁ<d+m—,@<d+w>11+i>—,@<@ ~d—~)0

, itexistprovidifollowingnditianssatisfic

ﬁ,@{ md%} BB, m““ ud+a )0

©

En(},.Y,,.Y,,. 2, N;) (THEGENERATIASE
Where

Y, = a,b,—a,b, Y= ab, —ab, Y= 0,
a1a4 — 4, aa, —a,a, d+a
N,= A_olly, ,itexistprovidellat
d dd+o

a4b1> azbz > andllb2>asbl JLe
(Bd+10-f3 <d+v1>1<l+fa> ~B(B~d~1)0
Bd BB—~d-v,—v,)

—d+1) Y0 ,
a7 A o
where
—d-
4=h.a0 =T P 0=pp
_oup—~d—p B+t B A(,li—d—vl) p AB—d—1)
Y dd+o) d+a d 7 d

(FOR PROOF SEE APPENDIX—A)
STABILITY ANALYSIS;-
now we study the local stability of equilibria

E,,E E, and E,

and the non-linear

stability of non trivial equilibrium E3. The results
are stated in the form of the following theorems .
THEOREM - 1;

The equilibrium E,.E.E, is unstable provided
the following conditions are satisfied.

Uﬁ0d+h,ﬁﬁd+#
ﬁZd ﬁ3(ﬁl
B A

—(d+u) )0
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(i)
BB )~ ~d~)0
(FOR PROOF SEE APPENDIX -B)

THEOREM -2;

The equilibrium E,=;.Y,.Y,.N )is

locally asymptotically stable provided that
following conditions are satisfied.

(i)
E _ ﬁ 2 4C1C2ﬁ:@ﬁ)§;

[Cl(ﬁ+ﬁ3)M+Cz(,@ ﬂz)NJ ( B
cpy (AN @+a

(i 9 *
CIYT*(ﬁl —d-v, )2< 4C4IBIN 4

(ii) 9

(iv)

[CZIBZY; de,ep(d + CZ),BZY;
N’ 9N’

. ,  4c,dB,N°
¢, Yy (162 —d—/l) ( L
v) 9
4e.(d + o
C40(2 < 3( )
(vi) 9
[FOR PROOF SEE APPENDIX-C]
THEOREM-3

_,UC3]2 <

The equilibrium s =0 Yy Yo N D g
non linearly stable provided the following
conditions are satisfied

) 4,81:62

@) (161 +:63 +162m 163
4m,(d +@)N"
(i 9

(mcm+mf<ﬂ@§@i

[_,Bz*ml +ﬂm2J2< 4m1m2(dj'05),82
N ON

48,mm,dN"
2
(Bym, + Bym, + fim,) <%
dm,d(d +a
m3a2< 2 ( )
(vi) 9
To prove the above theorem we need the
following lemma.
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The region of attraction is This is diease free equilibrium.

A(B —d -V, A(B,—d— —d— A X7 7 AT
0<y, < (ﬁdﬁ D) o<y, < (ﬂ—dg ”),()gx,gm;’(‘f—(dm)”) L0sN<Z EXISTENGE OFEI (YT ,0,0,Z,N)

[FOR PROOF SEE APPENDIX-D] .
CONCLUSION since Y =0 = Y, =04 ¥, #0
In this paper, a non linear model is proposed and From
analyzed to study the co- infection of TB and _ A
AIDS. It is shown that the spread of AIDS (A, )we get N ===, From
increases due to co-infection of TB and AIDS and 1 d
the disease becomes endemic. It is also found V.Y
that due to migration of HIV infection the spread (A ) we get 7 =—2T
of AIDS increases further. 105 O+d
APPENDIX-A ( A )we "
The given model is From 7 8¢
AX_\ BEABYDX vy voz BY,(N~Y, ~Z)~(d+v,+v,)V,N =0
dt N (Al) Y. 20
Since T

So on solving, we get

d YX pYY, _ vy — _ _
dy _ANX_BYYs Ly oy g AB-—d=vi-v) 5 vl & A
dt N N (4,) r dByv d+6 d
Y Y X YY
ddH:ﬁZZ\I}I +ﬁ3]<"]H_dYH_ﬂYH(A)
t 3
dY Which exists it A0 d+V1+V;
L =uY, —dY, —-ay, 5 v o0 N
dt ] (4,) existence of 2 (0¥ Yo, 0.N)
dz Since
—— =W, -dZ-6Z (A,) Y, =0=>Z=0,And Y,.Y, #0
So ,on solving Ag . Ay L4 We get,
Whee N = X +Y 47, +Y,+2Z
s0 P o= Ala@+d)(p,—d—u)
N _A_aN-av, " " ou(B, —d— i)+ Prd(@+d + )
dt [ 6 s Ap(B, —d — 1)
the reduced system is given below, Y =
O T A n ou(f, —d =)+ Brd(a+d + i)
dt N N 1 pay RAAbh
a1, BN BN, R N = prd(atd+ k)
a N N p— ou(fB, —d — )+ B,d(a+d + )
dy
E:m_(dJrO)Y(A;) . Which exists if 162> d+u
dZ _ ES ES ES ES ES
E‘=V2Y;—dZ—BZ(4“) EXISTENCE OF E3 - (YT ’YH’Ya ’Z ’N )
. Wy A4
%:A_dALOY(AAJ Frotfy,), weget, =% ,  fromlA,) WegetZ =;+9
. A ol
FromA,) N ==———"1
E, (0,0,0,0,é) d dd+o
EXISTENCE OF d oo Ay and A; Becomes
It is obvious from the model (A7 """""" A“), re +Y;{W+ﬁ,+%+/ﬁ}:w (4
we can find if YT = YH = Ya = O Y (Bv-5,) +Y,',{m£ii;tgﬂ) Iﬂz‘f’%} =A(ﬂ3:id7ﬂ) ....................
A
N=—
So d
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where
al3—d-v,—v,
4o AN g g o pip
dd+a)

_opfi—d—)) e ﬂﬁz’ _AB—d—, V) _AB—d—p

“= dd+o) d d
14

v=l+—2

d+6
o A, And A;; Becomes
aY; +a,Yy=b .Yy +aY, =b, (A,)

now here arise the three cases —

(1);if

a=0=>Bv=L sothequilitmi(¥,Y,,Y,,7,N,)
o)

bl a 4 - a2b2 * b2 * wz

Y* = ’ Y, =, Y,=——
1o aa, 0 a, " aa+d)
A _Vz(ba4 a,b, )’Ng A a i,
a,a, d da(o+d)
it exists only when
Brd+u

{{Vﬁ(d +)—=Bd+v;+1,)} 1+i)—ﬂ_,(ﬁé —d—4) >0}
a+d

(2)1f<OsoTthu1thh)‘5j Z I\f ) Where
_ah-ah , _ahtap ;ﬁi

agtaa’ " agtas”! d+O

A ad,
N== A itexisgprovidédollowiagnditionsatisfi
= ddro w b iogn If

VRd+-Bd+; +vz>11+i> ~BB~d—)0

o) st 1|5 v 0
3) (o 43> 0 soThe Equilibrium ©
E, (Y ,Yy,Y..Z,,N,) (THEGENERACASH
Where

ZZ:‘/zYTkl M—A aﬂy;ﬂ

d+6 7 d dd+a)
ab,)ab, ,andab,)apb, ie.
VAA+p-B @+, +v2>](1+i> - B(B,~d~))0

Bd BB —d-v-v.
B B

, it existsprovidedhat

(a’+,u)v)0

.

v = a,b, —a,b, Vo= ab, —a.b, v MYy,
T2 T > TH2 T > Ta2 _d

a,a, —a,a, a,a, —a,a, +a

Raghaw Shukla and Vivek Kumar

APPENDIX-B

Using the model , The
general jacobian matrix can be written as follows;

m, m, m my s
my, My, my, n M5

M= 0 u  —(o+d) 0
Vs 0 0o —@+d o
0 0 - 0 —d
where
_BWN-Y-Y,

n,= N N
m, :ﬁIYT _:B3YT m __181YT m, __181YT
2 N N 13 N 4 N

_IBIYT_ﬁlYT(N_Y -Y, _YLI_Z)+IB3YTYH

BTN N? N?
BY By, ANy ﬁ% By,
= m,= d+
mi= v 4 1)
_,BzyH _162YH
m,, =———, m, =———
23 N 24 N
_ ﬁzYH _IBZYH(N_YT Y, -7, -Z) _
25 N N2
:B3YTYH
N2
PROOF OF THEOREM-1 stability of

E, (o,o,o,o,g)

The jacobian matrix for E, is given by

Adv—v 0 0 0 0
0 B-du 0 0 O
ME= 0 g @ 0 0
14 0 0 —d+9 0
0 0 - 0 -
The eigen values are
B,—d-v, -V, ,,Bz_d_/l,

~(d+a) —(d+6) 4
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since A (a'"‘ d)(:B _d_lu)z
Byd+vi+v, . Bd+u the bs = (a+;+ﬂ)

equilibrium 0 is unstable.

E,(Y,;,00,Z,N)

One of the eigen values is % which is >0 i.e.

Stability for E, < unstablo
The jacobian matrix for El is given as APPENDIX.C

b11 b12 b13 b14 blS

0 b, 0 0 0 Local stability of Equilibrium

M(E1)= 0 u —(a+d) 0 0 E3(YT Y, .Ya ,.Z N )ByLyapunovmethod,

v, 0 0 -d+6) 0 The model (4, -4, )can be linearised by
0 0 o 0 J making of following assumptions
Where Y=k +y, Y= by Ya:YZH_ya’ 77+, NN+
] 1:%_d_vl _Vz) ’b]z:_{vﬁ“'é)(ﬁ_d_vl _Vz)’ b]s:bh:_(ﬁ_d_vl )
—d—v. —v we get
bls — (ﬁl 1 2)d2 dY
161 ?_mnyT"'muyH +ml3ya+ml4z+mls
b,, = A d+ & dy,
: B ,31 ) o ) 7_’"21)’T+m22y11 + My, +myZ+mysn
B, —d-v, vid+u dy
da_ﬂyH (d+a)ya
Since eigen value are dz
byyby~a+d)~0+d)~d — =Vadr —(d+0)z
Since b22 >0 so E,is unstable dn _ ¥ —dn
dt
(O Y Y ,0, N) Where we use following Lyapunov function ;
Stability of ) ) ) 5 5
C V. C,y Gy, €27 csn
The jacobian for E,is V= 12T + 22H + 32 + 42 + 52
a o0 0 0 0
B b, b b, b,
M(E2)= 0 wu (0{+ d) 0 0 Where €12€22€3:€4:C5 5616 be determined.
v, 0 0 —(B+d) 0 So
0 0 -a 0 —-d J J J i p
r e Y n
V=c +c,y,—+c + n—
g O g T T T
Where
. Bp+d)B—p—d) BB, er+d),—d—4) _
=ty T B (g BR GTONL AR =
i ardip Adrenlhs A avdiu Y 3 3, A 2 )+ Gy (g, iz g
5__@W+@(d+w+w+m)
: a+d+u .
. —(8 —-d- -
b3 — (ﬁZ ) , b4
oa+d+u _
B (132 —d- ;u)
a+d+u
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C3Y, (:UYH _(d +a)yu)+C4Z(V2yT —(9+d)z) +C§”(_ ay, _d”)

1 ) 1 5|1 > 1 )
9 L)?"')WH(‘&"%‘W!'EJ"1‘%”523’;1}"[2‘&"?0’}"%)’«(‘&"13]‘ ta(d+09y;}

o,
Jamaidam.ay) L4(d+6)ZH GmppHyremd— L5d”:|

no, , , ,
Zc_ﬂmﬂﬁx(Qﬁ53+ﬁq)7%(d+®xHZQﬂ5%+yﬁzg(a_"§4) —;@(dﬂﬂr}

1 ) 1, 1 , 1 2
Zvﬁwﬁyﬂtws}j&dﬁ} {ja(dmy;—()j@(dﬂz}

s xpica-adi H—claroz0-icai
f()theqmlllm&{Y YaZ N}

"?1:% v"?zz(_ﬁ_@) )4 M= ffz _"h"k:(ﬁ_d_v_‘/);;

At » "55:((@ _d_:"”ﬁ

Y,
"51:(_@ +@)ﬁzv My, =M=, = ;\f

+ L+ +

+

0
siwealtheoeffitiefsquieanuraiegatbddWIlLBene gatilefinpeovidédfollowi
conditiansatisfied

(i)
YT* _ ﬁ 2 C1C2ﬁﬁzYT*Y;
[C1(ﬁ+:@)ﬁ+cz(:@ ,@)Nk] ( AN

., oN{d+a
aBY; < #
(i 4
) 2
c,BY; cc, (@+d)BY,
T—C4V2 < N*
(iii)
- c.BN'd
CIYT(IBI_d Vi — Vz) ( SAT
(iv)
v)
e, BYy _ 2, , oGd+a)pY,
[ N* ﬂC3] < 4N>k
., c,(d+O)N’
CZﬁZYH ( M
(vi) 4
- c.dB,N"
e, Yy (:32 _d_,u)2< %
(vii)
iy €3¢470
c.(d+a)
et (LD
(ix) (x) 475
APPENDIX-D

(NON LINEAR STABILITY)
PROOF OF THE LEEMA
(A,...A,)

From model we can obtain as

follows;
d—NzA—dN—aYa <A-dN=>N<2
dt d

Raghaw Shukla and Vivek Kumar

Y, _BY,(N-Y,-Y,-Y,-Z) BY,Y,

—(d+v,+v,)Y,
dr N

Y _IBIYT2
<(ﬁ1_d_V1_V2)T N

:YT < A(ﬂl_d_VI_VZ)
dp,

YH < (,Bz _d_,u)A
Similarly 'Bzd and
a¥, =uY, -dY, —-ay,

(B, —d - u)Apu
B.d(d + a)

= Y <

dz
devaT_dZ_eZ :ZS

A(,B1 —d —V,—V, )Vz
dp,(d + )

so the region of attraction is

< A(,B1 —d-v _Vz)

0< ! dﬁ1

0< ,Bzd ,
y < (B, —d - wAu

0< Bd(d +a)

A(ﬂl -d -V, _Vz)Vz

dp,(d +9)

OSNSé
d

0< Z<

PROOF OF THE THEOREM
In this case we use the following Lyapunov
function;

e R e )
, 1

ondifferemtingand substinng thevaluesfronmodel weget

By _yP . A~ +fm —Bm
[ by AA )y |
[l (s s |

+{f(n—y;)z+(n—n)(N BBz B AR AN dm(N—N‘)z}

+{f(Z—Y;)3+(n—Y;)(Z—Z‘)[;Vf+ na)—4ng(d+m(z—z )—}

- r B ol by ){"%m}{mm{x—nﬂ

o N;){ﬁmmm +Y;v ;/Z)ﬁm —ﬂmyr} _41‘ N~ N‘)z}

J
(x,—x;)z['ﬂ”"}(n R s M)—mAdM(Z—Z‘)z}
~Amsaty, - - IN-N oL anf -Nﬂ

—md+afy,-Y) +0——m4(d+m(z Z)} [——dm( —N‘)2+O——idm(N—N‘)z}
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Y, Y, Y, Z
coNsDER N N 'N'N
0

Wis negative definite if the following
conditions are satisfied ;
,61:62'"1

(@) (131 + 5, + fym, — ,63'"1)
[,62’:’1 —,Usz ( ,61m2(d+a')
(i) N

=1

AN"

(ap, + . ¢ PN
(ii) 4

[ '6‘+V2 4J2<—m4'61(d*+9)
) N 4N
(iv)
(v)

,62 m JZ mm,(d +a)p,
CE, g
dm3:62

(vi) (4,62 :63)2 ~ S (——
(ﬁz”ﬁ} m4(d+9),82

— |« 1
(vii)

g M4+ )
(viii) 4
(ix) T2 Ma MMM, >0

FOR SIS MODEL;
APPENDIX-A1

The given model is

axX_, (BY,+BY,)X

dt —dX+VvY, T(A)

ddiT ='812X"B{\T7Y Y VY 4
dj;f = 'BZ%X +2 %YH M (4
ddi“ Sy A, (A

Where V= X +Y, 47, +Y,

SO

dN
—=A- —-aY
dt dN ~a “ (As)

the reduced system is given below,

dy_BONYY -2 Ay,
o N T 4

ay_BYNYY-2 o, L

ar. =m,—(mg. e s s s s s s s b}

dN
0 4

Eo<o,o,o,é>
EXISTENCE OF d

It is obvious from the model (A6
=Y, =Y =0

we can find if YT H

N=2

So d
This is diease free equilibrium.

E] (?T ’O’O’ N)

since Yu =0 = Y. =0y ¥ #0

(Ag)we get ]Vzg,

EXISTENCE OF

From

from (A6)we get

BY,(N-Y,)=(d+v, ;N =0

Since YTiO

So on solving , we get

YT :A(,B1_d_v1_vz) ’N:é
dpyv d

Which exists it 5104V
E,(0,Y,.Y, N)

EXISTENCE OF a’
¥, =04And Y,,Y, #0
Since a
So ,on solving Ay 5 Ay 4 We get,

10 International Journal of Systems Biology, ISSN: 0975-2900, Volume 1, Issue 2, 2009



;oo Ala@+d)(B,-d— )

" ou(B, —d - )+ Brd(a+d + )
; A/‘(,Bz_d_,u)

o oou(B, —d -+ pd(a+d+ p)
e Prd(@+d + )

ou(B, —d—p)+ p,d(a+d+ ) |
Which exists it D204 +H1

EXISTENCE OF = =,.Y,,Y, ,N")
. Y*
(AS )’ we get Ya = ’u H ,
d+a
From (A9) N =——#
From d dd+o)
So A, and A, Becomes
of-d-v), . B AR d—vl)
ﬁYH—Y[ dd+a) At ira d+a ﬂ«‘} S T T T (4,
y| B o 1B A,@—dﬂ)
VBB @M} e )
where
a‘:ﬁ“%:% B+ ﬁ‘ﬂ —tfa ==,
0 = HBmdop g M h:A(ﬁ‘ dov) , _AB-d-w
4 d(d+a) T ava 7 . b, -

o A, And A,; Becomes
VAN A RN A A N (Az)

now here arise the three cases —

(1);if

a,=0= B, =L, so the equilibriu m E (Y, .Y, Y 0, Ny)
SO
v = ba, —a,b, v _b, b
70 — > THo =7 0 Lao T

a,a, a, a,(a+d)

z: _Vz(ba4 a,b,) N = A a u,
a,a,  d daa+d

it exists only when
Boyd+p

[{/ﬁ(d+w—ﬁ2<d+vl)}a+”)—/%(ﬁz—d—ww}
a+d

Raghaw Shukla and Vivek Kumar

(2)ifa, <0so TheEquilibnnZ, (¥, ,Y,, .Y,

7 JN.),Where
Y = ab —ab, Y = ab, +ap,
s Lppy 5

" agtaa” " aataa,
N = A a'tY , itexistprovidallefollowingonditionsesatisfie
d dd+o)

[ﬁ(dw—ﬂz(dwl)]aai)—ﬂ;(ﬂz—d—mw

B8] Wecasas [ | BBt -paasar o

3) ¢ 43> 0 soThe Equilibrium ©

E.(Y,,.Y,,.Y, ,N,) ,(THEGENERACASEH
Where

v = a,b,—a,b, v _ab,—ab, Y M
™ = s Lpo — > La2 _d
4,a, —d,dy a4,a, —a,dy ta
NI = A_ oYy, , it exists provided that
T d dd+a)

a,b,) a,b, , and ab,)a,b, ,i.e.
B, + 1)~ B, (d +v) 0+~ ” )= By —d =)0

Bod BB -d-v)
By By

—(d+u) )0,

APPENDIX-B1

Using the model The
general jacobian matrix can be written as foIIows

my, my my; my
m, my, My, My
M= 0 Y —(a+d) 0
0 0 -a —-d
where
m, = ﬁl(N_YT _YH _Ya)_ ﬁlYT _ﬂ3YH —d—Vl
N N N

:,61YT_,63YT :_,81YT

b

m
12 N N 13 N

— ﬁlYT _ ﬁlYT(N_YT _YH _Ya)_,r_ :B3YTYH
YN N? N?

ﬁZYH ﬁgYH’mzz=ﬁ2(N7Y17NYH7Y“72)’ﬁA)// ﬁz T*(dJr/l)
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— IBZYH _ ﬁZYH(N_YT _YH _Ya) .
24 N Nz
163YTYH
N2
PROOF OF THEOREM-1 stability of
A
EO(O,O,O,E)

The jacobian matrix for Ey is given by

p—d-v,—-v, 0 0 0
0 B,—d-u 0 0
M(E,) = 0 i -d+a) 0
0 0 -a -d
the eigen values are
131 —d _V15162 _d_;u,_(d‘i'a),
—(d+6)

since 131>d+vl ’ 162>d+ll1 SO

the equilibrium EO is unstable.
stability for £1(Y7-0:0,N)

The jacobian matrix for E, is given as

bll b12 b13 b14
0 b, 0 0
M(E)=0 u —(a+d) 0

0O O —-a —d
where

b, :‘(ﬁ _d_Vl) ’blZ:_(ﬁ +:@)(ﬁ _d_Vl)’ by=«f—-d-V)
b14 — (ﬁl _d _Vl)dZ
By

B, . B
by =—d+—
161 +:61 (,Bl_d_vl)_(d"‘;u)

Since eigen value

b, by, ~(a+d)—(6+d)—d

are,

b,, >0 so E, is unstable

Since
Stability of =2 (0’ Y,.Y,, N),
E,is

The jacobian for

a 0 0 0
b b, b, b,

0 O - —-d
Where o )
R BB -1 > B-Blowdl B~
q WﬁTw —Ad+i\h 8 o

. By(a+d)+(a@ +ou+ pd +ad)
? oa+d+u ’

b :_(:Bz_d_,u)

3

a+d+u
l; — _(,Bz_d_;u)
> a+d+u
j _la+d)p,—d—p)
: (+d+ 1)

One of the eigen values is % which is >0 i.e.

E, is unstable

APPENDIX-C1

Local stability of Equilibrium
E, (YT* , YH* JYa',N* )By Lyapunov method,

The model (A6 —4 )can be linearised by
making of following assumptions

Y=Y +y, Y,=Y, +y, Y.=Ya+y,N=N +n

we get

dy,

dt

dy,

dr =My Yt My Yy My y, +myn
dy,

dt
dn
—=-a¥, —dn

dt
Where we use following Lyapunov function ;

=myyr +tmpyy +myy, +myn

=y, —(d+a)y,

12 International Journal of Systems Biology, ISSN: 0975-2900, Volume 1, Issue 2, 2009



2 2 2 2
c,y Ccyy c,n
2 H+ 3 a+ 4

2 2 2 2

+

Where C15€2563:C4

So

~ dy dy dy dn
V=cy,—~+c,y,—*+c <
lyT dt ZyH dt 3ya dt dt

Gl YAy, ey m ymy, +my, +m )

sy, (yy, —(d+a)y,)+c,n(-ay, —dn)
wa, 7 yylam, )%L m, \H] BL"xo‘?+>'T>;,(qnh)jl‘c«dm),\f]

1 |
+|:3L m 2 +ylcm,)— 3L4dﬂ:|

) — L L(d+a)y? ]
+F ey *)’u"("!”»)*l cdit ]

3 3
+H cd+a)y, +>;,'ﬂ(ﬂatl)\;ad'f ]
forthequilibrdY, Y, \Ya,N )

A
=== /i)N\,x

T, =(f~d~ V);T
mz,=(*/%+/i)%';»"52="51=%,n54 (8-a /1))i

sinL'eullthcL'()efficimﬂqumz'rmarmLg,atl\m)VWILbLnL5ati\dffinitpr()vidﬂlief()ll(mfin

conditionsesatisfied

(i)
4,
GA+A (B f) H] < "’ﬁN’ff
X 4¢c.N (d+a
ClﬁIYT ( #
(i) 9
. 4¢, BN d
CIYT (161 _d_V1)2< L
(ii) 9
(iv)
e, B,Yy _ 2, 4o (d+a)pY,
d¢,dB,N”
¥, (B, —d - ) ( 2PN
v) 9
e <4c3d(d+a)
(vi) 9
APPENDIX-D1

(NON LINEAR STABILITY)
PROOF OF THE LEEMA

are to be determined.

Raghaw Shukla and Vivek Kumar

From model (A6""A9) we can obtain as
follows;
d—NzA—dN—OtYa <A—-dN =N Sé
dt d
Y.(N-Y,-Y,-Y Yy,
dt N
Y _ IBIYT2
< (:51 —-d _V1) 4 N
:>YT < A(,B1 _d_Vl)
dp,
< (,Bz —-d _,U)A
- d
similarly B and
dY

“=uY, —dY, —o¥,

y < Bo—d-mAu

T pdd+a)
so the region of attraction is

Y. < A(,B1 —d-v _Vz)

i

0< apg,
0< B.d ,

y < (B, —d - WwAu
0< B,d(d+a)

OSNSé
d

PROOF OF THE THEOREM

In this case we use the following Lyapunov
function;

W:(er}/,'f}/,'lugz] (y —v, -v, 1L—J+—(y -y} +’”T‘(Au/x")’

on differenti ating and substituti ng  the

52017 <6, R 7’”"”"4”1‘*”"”“}1(&,—Y,;)’(’/‘i’”‘ )

Ly, - v Y e (- vy - Y{ ff.’”‘}—l Jd+ oy, - Y')Z}
)

sy -vH(v =N )){7/” ””Mt(ﬂ”j)y 1oLy 1(1\’*1\")1}

3
G fy,;r(*/{. J b =mi x|~ s ol <) |
(v, -v, )’(’ﬂ’,’”‘ J+ (v, -y )Yv - N'){—ﬂ””‘y’ as (Y’;V;ff’,’”‘ ’/j"”‘y’}—%dm,(lv —N')Z}

myd+a)(v, v, f+(v, -y \N-N")- m,a)flgdm V- N')Z}

CONS
YT YH Ya _1
pEN NN
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0

Wis negative definite if the following
conditions are satisfied ;
2 4 1721
(i) (ﬂl + ﬁ3 + ﬂZml - ﬂ3m1) ( %
4m,(d +@)N"
Bi(—
(i 9
4dm,B,N"
(BB +B,)( ——
(ii) 9
(_ 2:”1 +,um2)2< 4m1mz(d‘:‘a),62
(iv) N 9N
(v)
(ﬂzml + ﬂzmz + ﬂ3m1)2<4ﬂ2m+3dlv
4
m30(2( m,d(d + o)
(iv) 9
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